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A three field element via Augmented Lagrangian for modelling

bulk metal forming processes

E. N. Dvorkin, M. A. Cavaliere, M. B. Goldschmit

Abstract A new 2D quadrilateral element is developed for the
modelling of 2D incompressible rigid/viscoplastic problems:
the QMITC-3F. The element formulation is based on the
interpolation of three fields: velocities, strain rates and
pressures. The incompressibility constraint is enforced using
an Augmented Lagrangian technique, The new element is used
in conjunction with the flow formulation and the
pseudo-concentrations technique for modelling bulk metal
forming processes.

1

Introduction

The modelling of bulk metal forming operations using the flow
formulation; introduced in the seventies in Zienkiewicz, Jain
and Onate (1977); is nowadays an extended engineering tool
used in industry for understanding and therefore being able

to control and optimize technological processes.

An important requirement for the development of metal
forming simulations is that the finite elements to be used in flow
formulation models have to provide efficient and reliable results
when modelling incompressible creeping flows. Although there
is an enormous amount of research that has been published
on the solution of Stokes flows, see for example Zienkiewicz
and Taylor (1989), we believe that there is still room for the
development of a new 2D quadrilateral element that is able to
fulfil requirements such as insensitivity to element distortions,
non-locking behavior in planar and axisymmetric
incompressible flows, no spurious zero energy modes, good
pressure predictions, etc.

Following the lines of the QMITC quadrilateral element,
developed by Dvorkin et al. (1989, 1990 and 1994) for the
solution of elasto plastic problems, Dvorkin and Canga (1993)
and Dvorkin and Petocz (1992, 1993) presented a quadrilateral
element for modelling incompressible rigid/viscoplastic flows
based on the interpolation of the velocity and strain rate
fields and on the imposition of the incompressibility constraint
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using a penalty technique. It is well known, however, that
although the penalty formulation is computationally very
efficient and straightforward in its implementation, it can
deteriorate the numerical results if it is not adequately tuned
for different problems.

In this paper we present a new 2D quadrilateral element for
modelling rigid/viscoplastic flows: the QMITC-3F element. This
element is based on the interpolation of three fields: velocities,
strain rates and pressures. The incompressibility constraint
is imposed using an Augmented Lagrangian procedure;
therefore the pressure field inside each element is iteratively
built (see Luenberger (1984) for detailed exposition of this
technique). In the finite element literature the Augmented
Lagrangian technique has been successfully used for solution
of different constrained problems by Felippa (1978),
Zienkiewicz et al. (1985), Fortin and Fortin (1985), Simo and
Laursen (1992) and Codina (1993a), among others.

The Augmented Lagrangian procedure, although
computationally more expensive than a penalty procedure, is
very robust and does not require a problem dependent tuning.

In our finite element code METFOR-FL we implemented the
QMITC-3F element to model 2D metal forming processes using
the flow formulation in conjunction with the pseudo-
concentrations technique introduced in Thompson (1986) and
Thompson and Smelser (1988). The solution algorithm is based
on the one presented in Dvorkin and Petocz (1992, 1993).

|
The QMITC-3F formulation

2.1

Velocities interpolation

Inside the QMITC-3F element we interpolate the velocity using
the interpolation functions corresponding to a 5-node
isoparametric element (four corner nodes and one center node).
The velocity degrees of freedom corresponding to the center
node are condensed at the element level.

2.2
Strain rates interpolation

The strain rate tensor can be written inside an element as
(1)

in the above equation §' = g'| _, , and by g'g’ we indicate

a tensorial product between two vectors. The vectors g’ are the
contravariant base vectors of the element’s natural coordinate
system (Bathe (1982)).



To interpolate the strain rate covariant components inside
the element we use,
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(i = r, s for plane strain rate flows and i = r, s, t for axisymmetric
flows).

€= 2,10 (2b)

In the above,

T

& |0 cnot COvariant strain rate components at sampling points

A, B, C, D and O evaluated from the velocities
interpolation,

determinant of the Jacobian at the sampling point O,
determinant of the element Jacobian at the point (r, s).

Jol:
JAH

The natural coordinates of the sampling point are:
A(0,1/,/3); B(—1/,/3,0); C(0, —1//3); D(1/,/3,0); 0(0,0)
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Pressures interpolation

We choose to interpolate the pressure inside the element using
an interpolation function of the form,

P=P.+pr+ps (3)

where p,, p, and p, are unknowns.

From the strain rates interpolation in Egs. (2) we derive the
volumetric strain rate,
é,=¢,8" (4a)
and we obtain for both, planar and axisymmetric flows, an
interpolation of the form,
i, =a+br+cs (4b)
where a, b and ¢ are constants.

An analysis of the QMITC-3F formulation, along the lines
of the analyses in Dvorkin and Canga (1993) and Dvorkin and
Petocz (1992, 1993), shows that the new formulation satisfies
Irons’ Patch Test, does not present spurious zero energy
modes and does not lock in incompressible situations.
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Incompressibility constraint via Augmented Lagrangian

We are going to use the QMITC-3F element to model

rigid/viscoplastic problems. In particular, for the special case

of a rigid/plastic problem following the works of Perzyna (1966)

and Zienkiewicz, Jain and Onate (1977) we obtain the following

constitutive relation:

-
3

s, deviatoric stress components in a Cartesian system,

¢, strain rate components in the same Cartesian system,

u(e):

,(£):

5= 24(8) & M i= (_%:';i.ja':].j)“2 (5)

variable viscosity, function of the equivalent strain rate,
yield stress, function of the equivalent strain.,

For the equilibrium configuration of the continuum body
in Fig. 1 we get, using the Principle of Virtual Work under the
assumption of creeping flow (Washizu (1982), Malvern (1969)):

[0,0¢,dv={ froudv + | touds (6a)
v v S,

g,: Cartesian components of the Cauchy stress tensor;

0,;=5;+0,p5 Pp=130,0,5 &;=¢&;+30,8,. (6b)

For an incompressible material, the first of Eq. (5) is
equivalent to s, = 2], Hence, after some algebra, we get 3
(7)

[ 2pé};06; dv + [ poeé,dv = | froudv + | t}ou,ds.
v v v :

8

'

We can regard the second integral on the Lh.s. of Eq. (7) as
the result of the imposition of the incompressibility constraint
(&, = 0) using the Lagrange multipliers method, where p is the
corresponding Lagrange multiplier. Since we do not want
to carry in our formulation p as an independent variable we
use an Augmented Lagrangian technique to impose
incompressibility.

Let us first consider the case of a continuum body with
constant viscosity. We start from a trial set of values s/} "5 " "
p"~"; etc, and using in Eq. (7) the Augmented Lagrangian
technique we get,

| 2uA&0AE dv + [KAE,0As, dv= froAudv + | t}0Aiu,ds
v : v v ‘
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(8)
K: penalty parameter.
Then we update,
u® =af P+ Aug G =" + A
9)
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The last of the above equations builds iteratively the pressure
field. We iterate until we reach small enough measures of £, and
A, (in some norm).

For the case of nonlinear models, in which the viscosity is
not constant, we use a modified Uzawa’s algorithm as the one
presented in Fortin and Fortin (1985) and in the same
iterative loop we solve the nonlinearities coming from the
constitutive model and we make the augmentation procedure.
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Fig. 1. Continuum body in equilibrium



We use in each iteration the latest available values of,
HHJ = ,u(z-‘:‘”]; SE_;} et 2#(%;}!1_ (10

Since inside a QMITC-3F element the volumetric strain rate
is interpolated as per Eq. (4b) it is evident that when using the
last of Eq. (9) to iteratively build the pressure field inside the
element, the resulting pressure field will be as per Eq. (3).

It is important to observe that:

e The Augmented Lagrangian formulation makes it possible
to use smaller values of the penalty parameter than the
values required by a penalty formulation. Hence, the
conditioning of the resulting stiffness matrices is not so
severely deteriorated.

e The Augmented Lagrangian formulation provides more
refined pressure predictions than a penalty formulation.

We will illustrate on the above observation in the Numerical
Experimentation section.

3

The flow formulation and the pseudo-concentrations technique
Following the developments presented in Dvorkin and Petdcz
(1992, 1993) we use the QMITC-3F element to simulate bulk
metal forming processes using the flow formulation in
conjunction with Thompson’s pseudo-concentrations
technique to model free surfaces in stationary problems
(avoiding nodes movement) and to model transient problems
using a pure Eulerian formulation (the material moves inside
a stationary mesh or a mesh moving with an arbitrary imposed
velocity).

The pseudo-concentrations technique does not require
remeshing algorithms, usually needed when using Lagrangian
or Eulerian-Lagrangian formulations.

In the QMTIC-3F element, the pseudo-concentrations are
interpolated using the element’s four corner nodes (a C*
pseudo-concentrations interpolation is obtained).

4

Contact and friction

The contact problem is solved as in Dvorkin and Petdcz (1993)
using pseudo-concentration dependent boundary conditions.

For 11, the velocity component normal to the contact surface
we use:
u, = free for ¢ < 0 (no actual material in contact), (11a)
i1, = 0 for ¢ = 0 (actual material in contact). (11b)

For modelling friction we use a contact friction law (Backofen
(1972)).

= —m%sgn(g'-g (12)

v
where m is the friction coefficient (0 < m =< 1); 0’ is the relative
velocity between the two surfaces in contact and t is the tangent
unit vector to those surfaces.

For numerical purposes the sign-function has to be smoothed
at the origin and this smoothing has to introduce in the results
the smallest possible error.

In our previous work we used the smoothing technique
presented in Chen and Kobayashi (1979) and in Kobayashi,

Oh and Altan (1989). In the present implementation we use
the following algorithm:

1. If on a friction surface there is no actual material (¢ < 0)
we do not apply friction loads.

2. When ¢ = 0, we consider in the k-th iteration a viscous
resistance with a viscosity

k) — may

H TR L
T nglg!.gtk—l}

(13)

If @' t| < UMIN then u® = p

cut-off*

With the above simple algorithm we reach values of 7, that
are very close to the actual values in Eq. (12), that is to say,
the proposed technique helps the numerical convergence
of the problem without introducing a significant deterioration
in the results.

5

Solution algorithm

To solve the equilibrium equations coupled with the
pseudo-concentration transport equation we use the following
algorithm:

e Fora stationary problem we start from a trial c-distribution
and a = 0.

e For a transient problem, for solving the step t—t + At,
we start from ‘u; ‘p; the ‘c-distribution and ‘é-distribution
corresponding to time ¢ (last converged step)

1. k=—1

2. k=k+1

2.1, j:o; g[_ﬂ-]= = (k—1)

22 j=j+1

Calculate u'” (keeping constant the ¢-distribution
and é-distribution) using Egs. (8) and (9)

Suhou (B0

b <UTOL and ||i®], < VTOL
a” |,

THEN —»a" =ua'” GO TO 3

ELSE GO TO 2.2

3. Calculate the c-distribution and é-distribution using
Eq. (15)

4. [Fk=0 GOTO2

ﬁti‘}__ -tk—llg
5. IF L S

oy < UTOL and
[,

1], < VTOL

THEN — convergence

ELSEGO TO 2




NOTES:
o For k =0 we use the starting values previously defined.
o Typical numerical values are UTOL = 1.0E — 3; VTOL =
LOE—7,
o If the j inner loop does not converge in a given number
of iterations we allow the program to proceed to STEP 3.
Inside each element in Eqgs. (8) and (9) use

O

(k—1)
max ?

k=101 (14)
the values of « is discussed in the Numerical
Experimentation section.

In STEP 3 for stationary problems solve:

's)

u-Ve=0 (15a)

g-gz-=<i>é.
el

o In STEP 3 for transient problems, starting from the
c-distribution corresponding to time ¢ solve:

(15b)

—+1,-Ve=0 (15¢)

N

and starting from the é-distribution corresponding to
time ¢ solve:

08 . M A
E+ER'YJ.—<|CI>L.

e U, =u —u,, where u,, is an arbitrary mesh velocity,
defined by the analyst.

(15d)

e i is the latest available value, from STEP 2.

o For integrating Egs. (15) use a SUPG technique (Hughes
and Brooks (1982) and Brooks and Hughes (1982)).

o Starting from a smooth initial pseudo-concentrations
distribution we do not find the need for intermediate
smoothing algorithms. However, in cases where the c-
or é-distribution develop high gradients, we find it
convenient to use, for solving Egs. (15), algorithms that
include shock capturing capabilities, as in Codina (1993b).
These algorithms incorporate extra diffusive terms and
may not be convenient to use when the purpose of
the analysis is to follow a particular pseudo-concentrations
bands (see Example 6.4 in next Section).

6

Numerical experimentation

In this Section we first present two simple examples to illustrate
on the performance of the proposed QMITC-3F formulation
and then we present two industrial examples. The four
examples were solved using our code METFOR-FL.

6.1

Hydrostatic pressure

In this example we analyze, using 10 elements across the fluid
depth, the hydrostatic case shown in Fig. 2.

H
— =
¥
A5 T—»*
: / ogH
0 : density Pressure
u: viscosity

g : gravity acceleration

Fig. 2. Hydrostatic pressure

Assuming i, = 0 the partial differential equations that
describe the problem are:

&*u, adp
1 —_—=
2 a},; é‘y Pg
08,
oy

the exact solution for the above equations is:
u,=0
p=pgly —H)

However, when we solve the problem using a penalty
formulation instead of having the above partial differential
equations we have,

Piy 0 ( i) _
A dy* Oy 3 dy =

the exact solution for the above equation is,

Ennisfg [)’2
I A— o,
Y u+k|2

(schematized in Fig. 2)

The exact solution of the penalty formulation is coincident
with the exact solution of the problem only when x — 0.

The Augmented Lagrangian formulation does not introduce
any change in the partial differential equations that describe
the problem.

In Table 1 we compare the numerical results (10 elements)
obtained using the QMITC-penalty element and QMITC-3F
element (Augmented Lagrangian formulation) for «x as
per Eq. (14) (in this problem there is only one cycle in the
external loop because there are no free surfaces to be
determined). Regarding error indicators as the volumetric
strain rate (a non-zero value indicates a non-fulfilment of the
incompressibility constraint) and the error in the pressure
prediction we observe that while the Augmented Lagrangian
procedure gives good results for low and high values of o, the
penalty procedure only gives good results for high values of
«. However, looking to the conditioning of the stiffness
matrix, as measured by the ratio between the maximum and






