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Stress Tensor

(@) ('Q, U 'Q,) studied as a continuous bar

Body Q,U'Q,

External forces ‘F,;'F,

Internal forcesatP ‘K, (exerted by'Q2, on ‘Q
'F,, (exerted by'Q, on ‘Q )

(b) Q, = Q) studied as free bodies

Bodies Q,; 'Q,
External forces ‘F,;'F, ;'F, ;'F,,
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The Cauchy Stress Tensor
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Non-polar media

I AM 0
tAs—0 fAS &

Define

't = tn - o .

‘g, the Cauchy stress tensor.
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The Cauchy Stress Tensor

Tangent surfaces have the same traction vector

tg = tgl
t£1 _ tﬂl tg
tﬁg = tHQ tE
t t 1 t
Ll n, = LQ n,
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Conjugate stress/strain rate measures

Power provided by external forces

iipeﬂ:t _ / tp th _ tE tdLﬁ" 1 / tE _ tE tdsv .
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Conjugate stress/strain rate measures
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Conjugate stress/strain rate measures

Div
t ot U .ty v
PRETY 2 P
t-PE‘.’L‘t — \/4 |:tg : tg + tp th ) tE:| tci'{"
A Dt

The kinetic energy is,

. ¢ ©
- / Lty vy tqu = / —'v - 'vdm
t\/ 2 - )

Dth Dt
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Conjugate stress/strain rate measures

D'K
"Poot = + / ‘e td AV
“t = Dy W =S

We define
tPJ _ / tg : tg tdLr
ty -

Y P_ . stored or dissipated by the material

t t 3
9 and g are energy conjugate
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Conjugate stress/strain rate measures

Kirchhoff stress tensor

tp, = / o 'd iV = / - ‘g . 'd °dV .
ty T — oy P T —

The Kirchhoff stress tensor 1s defined as

=)

O

tz _ t_p tg
— p —
t t :
T and D are energy conjugate

tz Eulerian tensor

Symmetric tensor
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Conjugate stress/strain rate measures

First Piola-Kirchhoff stress tensor

_ ( ( Lt~y tg Ot
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Conjugate stress/strain rate measures

First Piola-Kirchhoff stress tensor
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Conjugate stress/strain rate measures
Second Piola-Kirchhoff stress tensor

Define

;iz 0Sas En EB 0Sas = Tap (Otx_l)Aa (otx_l)gb

t t* t t
and demonstrate that LV IS5 cEap OdV:LV ., d, °dV

t t °
0 i and o & are energy Conjugate

tS Lagrangean tensor
0=
Symmetric tensor
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Conjugate stress/strain rate measures

Second Piola-Kirchhoff stress tensor

t+Aty _t+AtR= ty

At the point P we can write: X = X

— —— 00—

and therefore, for any vector (e.g. v ,'n )
t+ At o t—l—ﬂtR ot
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Conjugate stress/strain rate measures

Second Piola-Kirchhoff stress tensor

Ezxample 3.3, 44 <44«
For an arbitrary force vector f (it can be a force per unit surface, per unit
volume, etc.) and considering the evolution described above,

trAtp Aty _ trAtR L tp | trAty
__ T t+ At T t+ At
= £ "t E . ¥

— *f _z—f—ﬁuﬁﬂ’f _ §+x_1fE ot

<

and since the rotation tensor is orthogonal,

t+Ate | t+ALL _ tp

V.

The above equation states the intuitive notion that a rigid-body rotation
cannot affect the value of the deformation power performed by the external
forces. 4444«
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Conjugate stress/strain rate measures

Second Piola-Kirchhoff stress tensor

At t we can write %t = 'n - g
t+ At t+ At t+ At
and at (t + Atf), TAp = Aty L T a
— t+At t t+At t t+AL
t—|—AtB _ i+AtE _ tﬂ tg, t= tg, n- o
. t+At ty _ t+At t t+At ot t+At T t+At
t—l_ﬁ'tt — i""ﬁ‘tR .t tRab tb_ tle nm O = nm tle la
_ t+At T t+At ty t+At T t+At t+At T
- tRpa tRab z(’-b - nm tle O-la tRpa
L 7 J
O
ty _t t+At T t+At t+At
tp - nm tle Ol tRaIi
‘ |
t
(o2
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Conjugate stress/strain rate measures

Second Piola-Kirchhoff stress tensor

tg — E—l—ﬂ.tET '!IE ) z—l—ﬂtﬂ
t—ﬂ.tE — i—l_ﬂtﬂ ] tE _ i—l—ﬂﬁET

o
t+At t+At -1 t+At t+At -T t -1 t+At T t+At t+At t+At -T
S = L rxt. g 0 X = LIt MR e TR, 0 X

t: - t (0] f— t 0 — 0O — e o0 —

p P

t+ At _ Tt
o T8 = oS
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Conjugate stress/strain rate measures

Hencky stress tensor

At gy In(t+AtU)

t=— t—

. . : _(teat T) t (t+At )
Define the symmetric tensor FAB —( tR a CTab tRbB

It is shown that only for isotropic material

tpisat.ﬂffat. _ / tL: zﬂ °dV
oy T -
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