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The Principle of Virtual Work

S ="tS,U S,

°Z,,'Z,

We can also define an admissible displacements field as (Fung 1965),

‘u("zy) = u('z ) +ou("z,) -

s'u=0on S, and they are arbitrary on 'S,
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The Principle of Virtual Work

Assuming that when the continuum evolves from *u to ‘u. the external

loads remain constant, the work performed by them 1s the virtual work of the
external loads (6" Wzt ),

§' Wyt = / y b-dutptdV + / . ‘t-0'u 'dS . (6.2)

o

/ ‘t.6'u tdS = / (taa@ (5%5) "ng tdS
tS‘ tS

a a

—/ (taa;g (5?511;_..3) 'ng tdsS
tS

_ / (t00s 8tug) o 1V .
ty
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The Principle of Virtual Work

/ ‘- d'u tdS = / tcralig,a (Stu}g AV + / ta,_._t!g 5(%5’3,&) A%
ts ty/ t1/

o

In the last integral we have used the equality (Fung 1965)

[ Ftug a .
0 (6%&) = 5. (0°ug) .

SW._, :jtv ‘o b, Su, 'dv +

/ "Tapa 5t’lb,8 V7 + / ‘oap 0(fug.q) AV
tV £ty
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The Principle of Virtual Work

Notes:

t t ot
v From internal equilibrium O o ,a TP bﬂ =0

(in dynamic problems we include in th the inertia forces)
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The Principle of Virtual Work

t t
Infinitesimal strain tensor components gaﬂ — ( Ua’ﬂ + Uﬂ’a )

. 1

—

C'CXIB — E

Virtual strains
{ Otz 0t 24

GICRT™ L9 (5%3)}

t -1 t N
G‘alg 0 *u,ﬁ.g!& — G'alg 0 Eap

) tdv

J

SW,, =, ‘o, (e

Vo

5t\Nint
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The Principle of Virtual Work

Notes

e No assumption was made on the material, 1.e. on its stress - strain relation;
hence, the Principle of Virtual Work holds for any constitutive relation.

e No assumption was made on the actual strains in the spatial configuration;
hence, the Principle of Virtual Work holds for finite or infinitesimal strains.

e No assumption was made on the external loads; hence, the Principle of
Virtual Work holds for conservative and nonconservative loads (Crandall
1956).

e The integrals are calculated on the spatial configuration of the
body.

e The Principle of Virtual Work was derived from momentum conservation
and not from energy conservation.
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The Principle of Virtual Work

Equilibrium

PVW

Geometrically linear analysis

/ b-8'up °dV + /
o/ oG
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Geometrically non-linear analysis

= .8 - A [ ¥
“ 2 Otz otz

o 1 {6((5%,1) 8((5t’lL3):|

- 5(tdaﬂ)

dé*eqs 1 A9 v, N A6 v
dt 2\ 9tz Iz,

-.t . " N
where 0°v 1s the virtual velocity vector.
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The Principle of Virtual Work

/ '‘b-d'utptdV + / 't-0'u fdS = / tr . ote °dV
v tS oy =

a

. t t
From energy conjugate sets ) docas ¢ d ey
00AB gt Fab dt
S d Ugf-\D - tTab d tgab

t ot t
oSAB 508AB - z-ab é“gab

/ 'b-5'ufp AV + / bty 6'u tdS = / ‘S:6e°dV
tV tS, oy —
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The Principle of Virtual Work

General load per unit mass or per unit surface
tﬁ: E)\?nf- (614)

In the above, '\ is a scalar proportional to the load modulus and (Schweiz-

erhof & Ramm 1984):

e [ =0 1mplies that the load modulus 1s a function of the reference coordi-

nates (body-attached loads);
e [ =t 1mplies that the load modulus is a function of the spatial coordinates

(space-attached loads).
The unitary vector ™y is a direction and (Schweizerhof & Ramm 1984):

m = 0 implies a constant direction load;
m = t implies a follower load (the direction is a function of the body
displacements).
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The Principle of Virtual Work

Ezxample 6.1. 4444«
Buckling of a circular ring.

In (Brush & Almroth 1975) we find that the elastic buckling pressure acting
on a circular ring depends on the type of load that we consider:

Load Buckling pressure

Hydrostatic pressure loading Doy = 3%

Centrally directed pressure loading — p., = 4.5%

Both are cases of follower loads but, the description of the load as a function
of the displacements 1s different. 44 <4<«
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The Principle of Virtual Work

/ ‘b 6'ufp tdV = / "b-5'u % °dV
t\ o}/

/ tE . ()“tu t{jST — / tE . ()"tu tJS 0(151
tS °5

ar ar

PVW

T\

||

/ ‘b -6'up °dV + / ‘. 0'utJs °dS = / ‘S: 67
oy o g oy

(=)
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The Principle of Virtual Work

Example 6.4. 4444«
Stability of the equilibrium configuration (buckling) (Hoff 1956).

Let us consider the system shown in the following figure, in equilibrium at
time ¢, in the straight configuration:

tP . axial conservative load

L : length of the rigid bar
k : stiffness of the linear spring

kr : stiffness of the torsional spring

t 2
teuz
’_ t 1
L D . Z
kr

www.simytec.com r



SIM&TEC

Simulacion y Tecnologia
cimulatian and Technology

«

The Principle of Virtual Work

Example 6.4 - continuation

For << 1= Ap~—LL and L sin(6) ~ L 6

Lsin (0)
-L(1-cos9)
o . The potential of the external load is,
t 2
tG:—@ﬂP:PLﬁ.
2
The only deformable bodies are the springs: hence

ty = k(Lm2+ékT¥

-

[
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The Principle of Virtual Work

Example 6.4 - continuation

1 1 tp I §°
Il ==k L2 6% + = kr H2

and the equilibrium configuration is defined by
6LIT =0

which leads to,

kL*0+ kp 6+ "PL6G| 66=0.

Since 06 is arbitrary the bracket has to be zero.

Two solutions are possible

«

(i) @ = 0 : that is to say, the straight (undeformed) configuration.

(i) *P = — (k L + £z).
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The Principle of Virtual Work

Example 6.4 - continuation

For the second solution € iz undefined. We call this load value the critical
value, P.,.. because at this load there are two branchine solutions ( 8 = 0 and

B#0). _'p

0x0

-(kL+k,/L)
AN bifurcation point
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. . L : 2
Since in the above derivation the terms higher than ¢ were neglected, we

cannot assess anything about the branching equilibrium path.
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The Principle of Virtual Work

Ezxample 6.5. 44 <4<«
Postbuckling behavior.

We repeat the previous example derivation keeping terms higher than 6°. By
doing this, we get

2 4
Ap=—1L (l—cosﬂj.ﬁ:’-—L(Q——ﬁ—>

2 4l
6% ¢
tov t A ot
G=—-tP Ap =~ PL(?E)
2
1 ] °
t _ A . 2 _ 2
Uk—gk (L sin @) wgkL‘ (6’—§>
ty :lk 62
T 2 T .
Hence
1 ot g° 1 6> g*
A 2 U ka2 tpr ot v
OH_QILL (9 3 36)+2PT9+PL2 PL24,
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The Principle of Virtual Work

Example 6.5 - continuation

; . 2 4
EHzékLz (92————)+1;@92+ pr " _tpp 9

For the equilibrium configuration ¢%IT = 0 and therefore,

9 3 5] 3
{k‘LQ (9— :f +f—2>+kT6+*PL6*PLH 56 =0.

Since 06 1s arbitrary, we get, neglecting terms higher than 6°,
2 6 6
[MP (1—7) +kr + ‘P L (]_Fﬂ 6 =0
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The Principle of Virtual Work

Example 6.5 - continuation

Two solutions are possible

(1) ¢ = 0 the straight solution

B kL (1-282) 452
(ii) *tP = — ( 1_:_2 ) t
[

In the second solution, for 8 =0, P =P, = —

It we examine the case with kr = 0, we get

. 1 _28°
kL (1- 2

)

tp _
_tp— —

. 6
WWW.SI

,,,,,,
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The Principle of Virtual Work

Example 6.5 - continuation

ks

]
o

k/L

k;=0 )
RS
-'P k=0
6
1111;
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Incremental formulations

Fig. 6.2. Lagragian incremental analyzis
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Total Lagrangean Formulation

/ f—ﬂ.ﬁS 1 é‘i‘FﬂiEIJ Od]'_r — é'i+.ﬂill'emt _

o
r

t+ At 0t ' '
o O3 T Oyt oY,

ALt _
o SIT = LEIT T ofIJ
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" LN s oqrr . strAdqgs
j}?r [GSIJ + Q;SIJ ) D17 dlV" = o 1 et
Tangent constitutive relation:

0913 = ol kL oTKL

f (5513 + oC 3k o=KL) Goz1s °dV = FF
-:}1_-'
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Fig. 6.3. Total Lagrangian formulation
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TLF

1
o # #
(6.28)
Total strain increment o848 = o€af T o073
. ) _ t ¢ :
Linear increment o€afl = 3 (D“&_ﬁ T oUBa T oUya olly, 8T Uy g ﬂ“’:r‘;aJ

2
L[] L] 1
Nonlinear increment ,7.3 5 ally a ally 7 -
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TLF

f+ﬂ.i11 r

ext

+ . p 1 e , - .
/ L;.Sn;_ﬁ_ ﬂ{:&ﬁﬂ-d [ﬂE“_r'{_'F_ o1~ 4 )] é[GE&_ﬁ +ﬂ??m¢,-ﬂj dV =4
oV

The above 15 the momentum balance equation at time t + At; which 1s a
nonlinear equation 1n the mcremental displacement vector. In order to solve
1t we use an 1terative technique, in which the first step 15 the linearization of
Eq. (6.30) (Bathe 1996). Keeping only up to the linear terms in u, we obtain
the linearized momentum balance equation:

- . $ < -
/ _ﬂca}ﬂ“_r'df GE“:'LT' aﬂEC’t.'ﬂ il GSC'!.S 'ﬂﬂwalﬂ] GC”.
o}/

= ST, — / £ Sas 0oeap °dV
=N
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Updated Lagrangean Formulation

www.simytec.com

tHAL_tays — stHAty

SIM&TEC

......

30



ULF

f (tJ” + tS'J) d{tEjJ} td‘rr = tgt_ﬂt”'emt
ty

1

1208 = = (tUa g + tUBa + tUya tUy8)

Total strain increment

tfafl — t€af T tlag
1 :
Linear increment t€af = ) (tUa. g8 T tUB.a)
, ] 1
Nonlinear increment tNap = 5 (4U~y o #U~ 3)
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ULF

f [tgalﬂ_ tca;?*;-& (tE"fr:f + tn}-&)] 0 (teaﬁ + tna_ﬁ'} t{:” — dt+dt”re:ct -
ty
(6.40)

The above 1s the momentum balance equation at time t + Af; which 1s
a nonlinear equation 1n the incremental displacement vector. Proceeding in
the same way as 1n the total Lagrangian formulation we obtain the linearized
momentum balance equation (Bathe 1996):

/ tCaBys te-6 0teap "dV + / ‘Tap 0t1ap TAV
ty "V

= 5Ty, — / to.g 0seng tAV
1‘1_-'
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TLF and ULF

0]
t+At Pt (t+At —1) (t+At —1)
0 SIJ T t+At Gij 0 X li \o X Jj
'p
t+ At . t+ At t+ At -1 t+At -1
t Sfrﬁ_t+Atp Ojj (t X )Ii (t X )rﬁj

t+At t+At t
X="X- X

_ _ 0 —

t+At -1 t -1 t+At -1
XF=Ix" X

—— 0O — ——
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TLF and ULF

0

gy =t e () () (X ) (X ),

Yo,
0 t+At
tratg P 1% t+AtS ( X_l)A (tx—l)
0 7 At Lt M Il \o Jm
p P

0

trat g __P t+AtSIAm (:)X_l)lf (t X—l)JA

0 1J t 0 0 m
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TLF and ULF

For the increment

0]

tiatg __P t+AtSfm (;X_l)”‘ (gx_l)Jm

0 t 0

www.simytec.com -



SIM&TEC

imulacion y Tecnologia

«

TLF and ULF

t+A;§: 1|:t+A;XT . t+A;A . og]
2
t+At t+At t
L= A A
t+Atg _ 1 [t+At X t+At X . 0 g]
t= 2 t=— =

t+At 0 t\, T t+At~, T  t+At t
2 &+ g=,X - X - XX
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TLF and ULF

0= 00— = 0 0 00—
t+At t T t+At t t
- X - g X= ¢
0= 0O— — 0 — 0=
——
o0&
t T t
E= X - X
0= 00— t= 00—
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TLF and ULF

It 1s easy to show that

- P # t
ofI1J = t&ij oXiI oXj.J

and therefore 1t the same matenral 18 considered in both formulations the
incremental constitutive tensors should be related,

r _ P A t - —1 t -1 tyv—1 t =1
“Cuke = % mnpg X)) oY) 5 (o kp X7 g
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