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Constitutive relations: Fundamentals
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Constitutive relations: Fundamentals

Principle of equipresence

Principle of material-frame indifference
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Constitutive relations: Fundamentals

I  thi    ddIn this course we add:

D t i i ti  l tiDeterministic relations
Local action
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Elasticity
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Hyperelasticity

The elastic material is hyperelastic if we can write,

Hence,
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Hyperelasticity

ij kl

klij

8
www.simytec.com



Hipoelasticity
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Hyperelastic material models
Elastic energy in the spatial configuration per unit volume of the 
reference configuration:

 
Elastic energy in the spatial configuration per unit mass:Elastic energy in the spatial configuration per unit mass:
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Hyperelastic material models

 

Also,
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A simple hyperelastic model

The simplest possible relation:

I J I J K L
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A simple hyperelastic model

Use:

Since we are not considering initial stresses,
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A simple hyperelastic model
Hence, the simplest hyperelastic model is,

wherewhere,
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Langrangean and Eulerian models

From

 

After some algebra,After some algebra,

 

with,
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Langrangean and Eulerian models

Lagrangean Model Eulerian Model

Linear NonlinearLinear Nonlinear

Nonlinear Linear
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Symmetries
C CCause Consequence
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Material Symmetries
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Orthotropic Elasticity
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Isotropic Elasticity
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Odgen Hyperelastic Models
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Odgen Hyperelastic Models
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Odgen Hyperelastic Models

Simplification,
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Elastoplastic material model
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1D: Tensile test of a steel sample
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1D: Tensile test of a steel sample
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1D: Tensile test of a steel sample

For 3D problems we will generalize the above as,

27
www.simytec.com



1D: Tensile test of a steel sample
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1D: No softening behavior
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1D: No softening behavior
In the 1-2 softening path,
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1D: No softening behavior
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1D: No softening behavior
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The general formulation
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The yield surface

Elastic range:

Plastic range:
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The yield surface for metals
von Mises (J2)

Decomposition of the stress tensor into a hydrostatic term 
and a deviatoric oneand a deviatoric one
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The yield surface for metals

The deviatoric stress tensor is traceless

 

J : second invariant of tsJ2: second invariant of tspq

J3 : third invariant of tspq

BRIDGMAN
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The yield surface for metals
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The yield surface for metals
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The yield surface for metals

Internal variables:
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The yield surface for metals
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The flow rule
Plastic dissipation:

If tdP
ij ≠0, due to the Second Law of Thermodynamics:  
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The flow rule

 

 

Hence,

 

Associated plastic flow
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The flow rule
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The plastic flow of metals is incompressible
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Plastic flow of metals
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Drucker’s postulate
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Drucker’s postulate

ij ij ij

ijijijij jjjj

ij ij
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Drucker’s postulate

ijj

ij

ij ijij ij

ijij
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Drucker’s postulate

ij

ijij
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Drucker’s postulate
No nonconvex yield surfaces for stable materialsNo nonconvex yield surfaces for stable materials
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Limitations of associated plasticity: frictional
materials (Bazant) materials (Bazant) 
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Limitations of associated plasticity: frictional
materials (Bazant) materials (Bazant) 

T

N

52
www.simytec.com



Limitations of associated plasticity: frictional
materials (Bazant) materials (Bazant) 
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Stress-strain relations
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Stress-strain relations

During plastic loading:During plastic loading:

55
www.simytec.com



Stress-strain relations
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Stress-strain relations
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Hardening laws: Isotropic hardening
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Hardening laws: Isotropic hardening

59
www.simytec.com



Hardening laws: Isotropic hardening
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Hardening laws: Isotropic hardening
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Isotropic hardening: the tensile test 
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Isotropic hardening: the tensile test 
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Hardening laws: kinematic hardening
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Hardening laws: kinematic hardening
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Finite elastoplastic strains
Lee’s multiplicative decompositionLee s multiplicative decomposition
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Finite elastoplastic strains
Lee’s multiplicative decompositionLee s multiplicative decomposition
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Finite elastoplastic strains
Lee’s multiplicative decompositionLee s multiplicative decomposition

It is not as simple as:
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Viscoplasticity
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Plasticity and Viscoplasticity

Instantaneous Plasticity

Vi l i iViscoplasticity
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Rigid – viscoplastic models
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The yield surface
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Perzyna’s flow rule

tf: von Mises functiontf: von Mises function

73
www.simytec.com



Perzyna’s flow rule

tf
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Perzyna’s flow rule
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Perzyna’s flow rule
Rigid- viscoplastic modelRigid- viscoplastic model
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Dynamic loading
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Dynamic loading

Get,

When ∞→γ
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Phenomenological constitutive relations
Example: modeling hot metal formingExample: modeling hot metal forming

Material properties

Compression tests at elevated temperature showing recristallization
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Compression tests at elevated temperature showing recristallization



Phenomenological constitutive relations
Example: modeling hot metal formingExample: modeling hot metal forming

1. The Fields – Backofen law

This model cannot represent recristalization phenomena

2.  Exponential – power law 1 

3  E ti l l 23. Exponential – power law 2
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Phenomenological constitutive relations
Example: modeling hot metal formingExample: modeling hot metal forming

Mechanical tests to determine the material constants

Tension tests. Strain limitations
Compression tests logarithmic strain < 0.8
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Phenomenological constitutive relations
Example: modeling hot metal formingExample: modeling hot metal forming

m=0.2

Coeficiente de fricción m= 0.2

Compression tests

m 0.2

Compression tests

m=0.9

Coeficiente de fricción m= 0.9

When there is friction, it fails to represent a uniform strain test
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Phenomenological constitutive relations
Example: modeling hot metal formingExample: modeling hot metal forming

The torsion test
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Phenomenological constitutive relations
Example: modeling hot metal formingExample: modeling hot metal forming

Results obtained using TESTPOST 
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