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Non-linear heat transfer
Diffusion term‐ Diffusion term

- Source term

Phase change- Phase change
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Non-linear heat transfer: thermal conductivity

Example: thermal conductivity in function of the temperature in a table
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Non-linear heat transfer: thermal conductivity

Example: thermal conductivity in function of the temperature in a equation

Petroleum

10000
667,1112.0 T

s
k −
=

k: [W/mK]

s: is the specific gravity at 60 °Fs: is the specific gravity at 60 F

T: is the temperature [C]
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Non-linear heat transfer: thermal conductivity
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Non-linear heat transfer: thermal conductivity
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Non-linear heat transfer: thermal conductivity
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Non-linear heat transfer: thermal conductivity

Newton Raphson Method - Simplified
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Non-linear heat transfer: thermal conductivity

Newton Raphson Method - Simplified
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Non-linear heat transfer: forces term
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Non-linear heat transfer: volumetric term
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Non-linear heat transfer: volumetric term
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Non-linear heat transfer: volumetric term
Newton Raphson Method - Simplified
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Non-linear heat transfer: forces term
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Non-linear heat transfer: forces term
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Non-linear heat transfer: radiation BC
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Non-linear heat transfer: phase change

The specific heat is the amount of heat per unit mass required to raise the
temperature by one degree Celsius.

The relationship between heat and temperature change is usually expressed
in the form shown below where c is the specific heat.p

The relationship does not apply if a phase change is encountered, becausep pp y p g ,
the heat added or removed during a phase change does not change the
temperature.

The specific heat of water is 1 calorie/gram °C = 4.186 joule/gram °C which
is higher than any other common substance.
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Non-linear heat transfer: phase change
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Non-linear heat transfer: phase change

There are four states, or phases, of matter:

Solid Solid 
Liquid 
Gas 
PlasmaPlasma

We will not be discussing the plasma state here.

Change of state is when a substance changes from one state, or phase, of
matter to another.

These changes of phase always occur with a change of heat, but the
temperature does not.
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Non-linear heat transfer: phase change

The heat exchanges present during a change in phase are changes in
potential energy. These energy exchanges are not changes in kinetic energy.

The energy is used to break the bonds between the molecules of the
substance

The change phase heat involve large amounts of energy compared to the
specific heat.

Example: ice melting into water. After the molecular bonds in the ice are
broken the molecules are at a higher potential energy state, however they
are not on the average moving any faster so their average kinetic energyare not on the average moving any faster, so their average kinetic energy
remains the same, and thus, their Kelvin temperature remains the same.
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Non-linear heat transfer: phase change
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Non-linear heat transfer: phase change

Heat of fusion: is the energy required to
change a gram of a substance from the solid to
the liquid state without changing its
temperature.

Heat of vaporization is the energy required
to change a gram of a liquid into the gaseus
statestate.
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Non-linear heat transfer: phase change
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Non-linear heat transfer: phase change

27
www.simytec.com



∂h

Non-linear heat transfer: phase change

Difussion equation: ( ) QTk
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Non-linear heat transfer: phase change

( ) QTkLTCp =∇⋅⋅∇−+
∂ρ ( ) Q

t
p
∂

ρ

Latent heat formulations

Weak methods, by definitions, do not specifically account for the discontinuitiesWeak methods, by definitions, do not specifically account for the discontinuities
in a problem.

They can not be expected to be accurate in the region near the discontinuity.

A discontinuity occurs at the phase front in freezing or melting or other phase
change problems.
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A t l ifi  it  f l ti

Non-linear heat transfer: phase change
Apparent calorific capacity formulation
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Non-linear heat transfer: phase change
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Non-linear heat transfer: phase change
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f∂∂

Non-linear heat transfer: phase change
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TBM

Non-linear heat transfer: phase change
TBM
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TBM

Non-linear heat transfer: phase change
TBM
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Non-linear heat transfer: phase change
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Non-linear heat transfer: phase change

α Ferrite At 0% C this is pure iron  BCC 

Solid phase

α Ferrite At 0% C this is pure iron. BCC 
crystal structure. 
The carbon atoms are located in the 
crystal interstices.

Austenite: The solid solution of carbon in γ iron is called austenite . This has a FCC crystal 
structure with a high solubility for carbon compared with α ferrite. The carbon atoms are 
dissolved interstitially. The difference in solubility between the austenite and α Ferrite is dissolved interstitially. The difference in solubility between the austenite and α Ferrite is 
the basis for the hardening of steels

Cementite: This is an intermetallic compound. Cementite is a hard brittle compound with 
d h h bi  l  h i  ll h  12 F   d 4 C and orthorhombic crystal structure each unit cell has 12 Fe atoms and 4 C atoms

δ Ferrite: This is a solid solution of carbon in iron and has a BCC crystal structure. This has 
no real practical significance in engineering. 
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Th l l b li d t h gi id i di ti f

Non-linear heat transfer: phase change
The lever rule can be applied to any phase region an provides an indication of
the proportions of the constituent parts at any point on the phase diagram.
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Phase change

Non-linear heat transfer: phase change
Phase change
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Non-linear heat transfer: phase change

Esquema Quasi-Newton:

Método Mixto: 0 ≤ λ ≤ 1
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Non-linear heat transfer: phase change

Esquema de integración implícito

resultan las siguientes matrices globales:g g

1
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Modeling of heat transfer: welding
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Gas tungsten arc

Modeling of heat transfer: welding
Gas tungsten arc 
welding (GTAW)
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G t t ldi (GTAW) i l k th TIG (T t I t G )

Modeling of heat transfer: welding
Gas tungsten arc welding (GTAW) is also known as the TIG (Tungsten Inert Gas)
or WIG (Wolfram Inert Gas).

The energy necessary for melting the metal is supplied by an electric arc struckgy y g pp y
and maintained between a tungsten (or tungsten alloy) electrode and the work
piece, under an inert or slightly reducing atmosphere.

If a filler metal is employed it is in the form of bare rods or coilec wire forIf a filler metal is employed, it is in the form of bare rods or coilec wire for
automatic welding.

The inert gas (Ar, He, H2) flow which protects the arc zone from the ambient air,
enables a very stable arc to be maintained.

Advantages:

• a concentrated heat source, leading to a narrow fusion zone

• a very stable arc and calm welding pool of small size.

• very low electrode wear
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Modeling of heat transfer: welding
Plasma arc welding (PAW)
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Modeling of heat transfer: welding

Plasma arc welding (PAW) is constricted by a nozzle to produce a high-
energy plasma stream in which temperatures between 10000 and 20000 °C
are attainedare attained.

Advantages:

• a rigid arc which enables better control of power input

• greater tolerance to variations in nozzle-workpiece distance

• a narrow heat-affected zone (HAZ)
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Modeling of heat transfer: welding

Temperature distribution

Welding residual stresses and deformationWelding residual stresses and deformation

Stresses during welding
Complex

Fluid flow in arc and weld pool

Vaporizationp

Solidification

Metallurgical effects and transformation

Damage (creep, cracking)
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Th i l d l i l d

Modeling of heat transfer: welding
The numerical model includes :

⇒ Convection and radiation heat transfer.

⇒ Temperature dependent material (specific heat and⇒ Temperature dependent material (specific heat and
conductivity). Latent heat due to phase change.

⇒ Heat input as a function of the voltage, current intensity
and wire feed speed during each pass.

⇒ Birth of elements that model the welding material.

Finite element mesh
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Welding: heat flux applied on the base 
material surface in each pass  material surface in each pass  

QIVQ =η LQIVQ −=η
η : is the arc efficiency, h = 0.9

V i  th  ld ltV : is the weld voltage

I : is the weld current
T

ALdTQ L ⎤⎡ ∫QL : is the power used to heat and melt the filler metal eeTL AvLdTcQ
amb ⎥⎦

⎤
⎢⎣
⎡ += ∫ ρ

Tamb : is the ambient temperature

TL : is the temperature at which the filler metal is added (TL =  1600 °C)

ρ : is the density  r = 7 5 gr/cm3
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ρ : is the density, r = 7.5 gr/cm3



Welding: heat flux per length  
q´(t) [W/mm] Advance direction

q’max

q (t) [W/mm]

h
Qq max 37

40' =

Advance direction

h/vs

f f t [sec]1 2

h = 6.6 mm

vs is the travel speed
h/vs

sv
hf

201 =
sv

hf
102 =

qmax : is the maximum heat flux per area at the weld center

U-groove direction

hl
Q

l
q

q max
max 237

80
2

2 =
′

=

l = l1 + l2
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Welding: boundary conditions  

( )( )ambc TThq −= ( ) Fambr STTq 44 −= εσ

h : is the convective coefficient,  h = 5.88 W/m2 °C

s :  is the  Stefan Boltzmann constant,  s = 5.67 10-8 W/m2 °K4

e : is the surface emissivity,   e = 0.8

SF : is a radiation geometric factor 

For the lower surface (internal of the pipe) :   Tamb = 170 °C , SF = 1 

For the upper surface (external of the pipe) : T = 170 °C  S = 1 

For the U-groove surface: Tamb = 170 °C,   SF = 0.125 

For the upper surface (external of the pipe) : Tamb = 170 C, SF = 1 
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Welding example: CRC Evans Automatic test  

Electrode ER70S-G Direct Current

Electrode diameter 0.88 mm Positive electrode

i f d d 161 319 / O ill iWire feed speed 161-319 mm/s Oscillation

Gas 85Ar/15CO2 Position 5G

Preheat 
temperature

115-150ºC

Interpass 250ºC maximumte pass
temperature

50 C a u
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Welding example: Parameters  

Pass Voltag
(V)

Current
(A)

Travel 
d( /

HI (J/mm)
e(V) (A) speed(mm/s

)Root 21.1-
22.1

208-228 14.7-14.8 290-340

Hot Pass 23 1 197 205 7 5 7 7 590 670Hot Pass 23.1-
24.9

197-205 7.5-7.7 590-670

Fill 1-2 22.9-
24 5

190-214 6.7-6.8 630-780
24.5

Fill 3 22.0-
23.9

191-224 6.1-9.6 430-880

Cap 22 7- 149-170 4 2-6 3 540-1040Cap 22.7-
25.7

149-170 4.2-6.3 540-1040
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Welding example

Distance of the surface
A =  0.5 mm 

B = 1 mm

C = 1 5 mmC = 1.5 mm

D = 2 mmd
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Welding: Properties in function of the 
chemical composition and temperatureschemical composition and temperatures

C = 0 110 Mn = 1 020 Si = 0 250 P = 0 012 S = 0 002C = 0.110 Mn = 1.020 Si = 0.250 P = 0.012 S = 0.002

Mo = 0.080 Cr = 0.080 V = 0.044 Nb= 0.022 Ni = 0.090

Cu = 0.120 Sn = 0.006 Al = 0.026 Ti = 0.010

0 009

0.01
c = 0.07658

0.055

0.06
Thermal conductivityCalorific capacity

0.006

0.007

0.008

0.009

[J
/m

m
3 

°C
]
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k 
 [W
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m

 °C
]
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c 
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Welding: heat input

Qmax = 62.05 W/mm2 Qmax = 37.89 W/mm2 Qmax = 48.80 W/mm2

Qmax = 44.67 W/mm2 Qmax = 60.31 W/mm2 Qmax = 33.70 W/mm2

56
www.simytec.com

max max max



Welding: Comparison between the measured 
temperatures and the numerically predicted temperatures and the numerically predicted 
ones

1400

1000

1200

1400

C
]

num. results

exp. 1 o'clock

5 ' l k
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800

em
pe

ra
tu

re
 [°

C exp. 5 o'clock
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te

0
-100 400 900 1400 1900 2400 2900
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Results for point B (1mm of the surface) shown on the finite element mesh
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Results for point B (1mm of the surface) shown on the finite element mesh



time = -0.8 s

TT

[°C]
time = -0.1 s

time = 0.1 s

ti 0 5 time = 0    indicates the birthtime = 0.5 s time  0    indicates the birth
of the welding material in the
fill 2
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Welding: Temperature evolution during the 
welding cyclewelding cycle

The temperature fields are only presented for times close to the heat input.
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A red picture indicates a jump in time.



Liquid pool zone

H  

Red numerical values

Blue experimental values

Haz zone
T > 850 °CT > 850 C

Phase transformation
from phase g to phase
(a + g)
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Examples of nonlinear heat transfer problems
Example 1: Calculate the temperature profile at 10s 100s and 1e4s for theExample 1: Calculate the temperature profile at 10s 100s and 1e4s for the

infinite cylinder made with two layers of Alumina and Cupper. Consider
the variation of the Cupper and the Alumina Conductivity with
temperature. Wich are the nonlinear sources?temperature. Wich are the nonlinear sources?
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