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Linear and nonlinear problems

Material nonlinearities

» Plasticity
» Viscoplasticity, creep
» Fracturing materials

Geometrical nonlinearities

» Contact problems
» Equilibrium in deformed configuration
» Finite strains
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Linear and nonlinear problems

Geometrical nonlinearities:
Equilibrium in deformed configuration
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Linear and nonlinear problems

Material + Geometrical nonlinearities + Contact: Collapse

Sample 4: Pressure vs. Volume
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Linear and nonlinear problems

Material + Geometrical nonlinearities + Contact: Collapse
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Linear and nonlinear problems

Material + Geometrical nonlinearities + Contact
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Linear and nonlinear problems

Material + Geometrical nonlinearities + Contact

OCTG connections

Structural Analysis
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Linear and nonlinear problems

Material + Geometrical nonlinearities + Contact
Finite elasto - plastic strains

OCTG connections: Failure analysis
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Cartesian Coordinate System

Continuos body

/

Z (z3)

k: point or material particle

X (z4)
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Kinematics of the Continuous Media

Lagrangian description

t’U — tﬁ( ﬂgj t)

Eulerian description
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Pop Quiz # 2

Eulerian formulation A

Streamlines Static taps
(several, equally
— —- spaced circumference)

FrYYYYYY

S

Stagnation point

v

Is “a” the acceleration?

{ | Differential
| manometer

{1
4 7/ 8 tu( tz. 1) a tu,
A f - fa = ———=" " 4 Py, ~ ) e,
NS NO = — 5 (5) =
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Kinematics of the Continuous Media
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Kinematics of the Continuous Media

The second transformation is only possible if the
compatibility equations are fulfilled

2 2
oy OX OX oy
828W 52822 azgyz
o Ty oy D
O’c O’c O’c
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The Cauchy Stress Tensor

(a) Particle P inside (b) Section of the body B with
the body 15 a surface through P
QA Q=0
¢ . U fﬂﬂ _— l‘n
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The Cauchy Stress Tensor

Considering on the surface S, an area */AS around P, the set of external
forces acting on */AS can be reduced to a force *AF through P and a moment
AMp.

When *AS — 0:

tAF

Amoas =t (3.62)
t AM ,

lim —F — 0 (3.6b)

tAS—0 TAS =

The vector 't 1s known in the literature as traction.
Equations(3.6a-3.6b) incorporate two fundamental hypotheses:

¢ The limit in Eq. (3.6a) exists. Therefore we exclude trom the contin-
uum mechanics field the consideration of concentrated forces (concentrated
forces are also not physically possible).

e The condition in Eq. (3.6b) 15 a strong requirement in the classical for-
mulation ot continuum mechanics. There are alternative formulations that
do not require the tulfillment of Eq. (3.6b) (e.g. the theory of polar media
(Truesdell & Noll 1965, Malvern 1969).

www.simytec.com
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The Cauchy Stress Tensor

Definition:

[ T t .
ti{ — Ly O 454 (F123)
(Above we use the summation convention)
t
n
P

www.simytec.com 1



Pop Quiz # 3

Water tank
H
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The Cauchy Stress Tensor

at
(tﬂ'gg + 722 ) fZg) dizl 1
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The Cauchy Stress Tensor

Equilibrium in the deformed configuration

at
(tﬂl’gg + 722 d tZQ) d fal 1

t atZQ
Z 9t
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The Cauchy Stress Tensor

Equilibrium in the deformed configuration

8t011 8t021 8t(731

O tZl | o, tZg I O tZ‘g I t P tbl
C)t(flg | C)tCFQQ | C)tﬁ'gg 1t tb
C)tzl | C)tZQ | C)tZ‘g - F .
C)tglg | C)t(}rgg | C)t(_}rgg 1t tb
C)le I C)tZQ | C)tZ‘g - p 2

b is the force per unit mass
In dynamic analyses include in f the inertia forces.

www.simytec.com
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The Cauchy Stress Tensor

Torques equilibrium

t t
O-ji — O-ji (symmetry)

www.simytec.com
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The Cauchy Stress Tensor and Physic

In nonlinear problems there are a number
of stress measures that are used during calculations:

» Kirchhoff stress tensor

» Second Piola-Kirchhoff stress tensor
» Biot stress tensor

» etc.

They are only mathematical tools.
The final results with significance for us

should be expressed in terms of
the Cauchy stress tensor.

www.simytec.com -
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Constitutive Relations

[P, A} calcuﬂtions [O'j g]

Phenomenological constitutive relations

www.simytec.com -
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Constitutive Relations

>

Elastic material
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Constitutive Relations

HOOKE’s LAW
Linear - elastic and isotropic materials

B . = 1 —1 1% 1/ +
011 1—2uv 1_1—211 1—21 0 0 0 =11
t 1’ —1 1’ -
thQ 1—2uw 1—2p 1_1—‘21/ 0 0 0 tcgg
¥ 1% i — —
tg:}:} — £ 1—2v 1—2 1—21 0 0 0 tLSS
012 1+ v 0 0 0 1 0 O £12
t - t -
023 0 0 0 0O 1 O £93
% t_
i g31 | i 0 0 0 0 O 1_ | =31 ]
E Young s modulus
E = 10
v Polsson’s coefficient
0 =< =05
E = E(T)
v = vT)
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Constitutive Relations

Elasto-plastic materials

Ingredients:

» Yield surface: in the 3D stress space describes the locus of the points

where the plastic behavior is initiated.
» Flow rule: describes the evolution of the plastic deformations.

» Hardening law: describes the evolution of the yield surface during

the plastic deformation process.

www.simytec.com ”



> SIM&TEC
v mulacuényTecnolog;a

Constitutive Relations

Elasto-plastic materials

In his experimental work, developed in the 1950s, Bridgman found that for
metals, 1t can be assumed that the yield function i1s not affected by the confin-
ing hydrostatic pressure - at least for not very extreme hydrostatic pressures

t . .
s;; . deviatoric stress tensor

‘oi; = s+ 'pdy
1
t t
p =3 (‘oij 045)
t
514 CSz'j = 0

www.simytec.com
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Constitutive Relations

Elasto-plastic materials
Von Mises yield function (metals)

www.simytec.com

1

§ (tSij — t(.]a.ij) (tS.ij — tchij) — 3
0 (elasticity)

0 (plastic loading)

tield stress at time "t"

back-stresses (kinematic hardening)
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Constitutive Relations

Elasto-plastic materials
Von Mises yield function (metals)
(g-'2)m4 (g-2)=(g-2)s=(g-%u

."

Fig. 5.5. Von Mises yield surface

www.simytec.com -



Constitutive Relations

Elasto-plastic materials: The flow rule

&ij = g" ij 1 g"

E.P ij = ﬂ. ag g: plastic potential
80‘ij

For assoclated plasticity (metals)

g=f

www.simytec.com 23



Constitutive Relations

Elasto-plastic materials: The flow rule

&ij = g" ij 1 g"

E.P ij = ﬂ. ag g: plastic potential
80‘ij

For assoclated plasticity (metals)

g=f
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Constitutive Relations

Elasto-plastic materials: The flow rule
For metals (von Mises + associated plasticity)

P &P P
8xx+8yy+gzz :O

The plastic flow is incompressible

www.simytec.com
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Constitutive Relations

Elasto-plastic materials:Hardening

ISOTROPIC HARDENING forrr
t+ A\t
t

Plastic loading

f—|—£xto.y
. to_y
tor ‘orr
to_y — t ( tTI P)

www.simytec.com 26
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Constitutive Relations

Elasto-plastic materials:Hardening

The isotropic hardening does not model
the Bauschinger effect (Cyclic loading / unloading)

-

i
G 4
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Constitutive Relations

Elasto-plastic materials:Hardening
KINEMATIC HARDENING

t
OIIr

t+ A\t

agr
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Constitutive Relations
Viscoplasticity

op

In plasticity: 1

We need viscoplasticity to model the experimental fact:

www.simytec.com 2
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The principle of virtual work
A 1D problem

x=0 X=L
fB |

R
—

A: transversal area
E: Young’s modulus

f Bdx
oA<—.-—> (a+—dx)A

f8 : load per unit length
R : concentrated load

u(x) : unknown

www.simytec.com
40
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The principle of virtual work

A 1D problem

u(0)=0

EA

-y
| dx_

www.simytec.com

Essential (rigid) boundary condition

=R Natural boundary condition
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The principle of virtual work

A 1D problem
Equilibrium:

Ad9 g5 g
dx

Constitutive equation:

oc=FE¢g

Kinematic relation:

du
E = ——

dx

www.simytec.com "
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The principle of virtual work
A 1D problem

At every point inside the bar we must fulfill:

AEdu+fB:O
dx°

ou(x) is an arbitrary function

ou(0)=0 (condition)

Hence, AE d”+f sudx =0

; dx?

www.simytec.com
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The principle of virtual work
A 1D problem

Integrating by parts,

L
jAO‘ OE

X=L

Virtual work of internal forces = Virtual work of external forces

www.simytec.com
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The principle of virtual work

Please notice that the PVW represents
Equilibrium
and NOT
Energy Conservation

www.simytec.com
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The principle of virtual work

General 3D case

/ tﬂ'gj 5Eij dV = / 'h; du; d TV —|—/ 't du; d'S + 'F; du
't‘['.-r 't'i..f' tSG’

b: Loads per unit volume
t: Loads per unit surface
Please notice that the integral is calculated at
the deformed (unknown) configuration

46
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The principle of virtual work

No material restriction (applies to any material)
No kinematics restriction (large or small strains)

No loads restriction (conservative or non-conservative)

www.simytec.com
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