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Part 2: The finite element method
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The finite element method
2D / 3D Problems
Elements and nodes
NNOD
The interpolation functions V = th V,
inside an element 1
V, tvariable at node "k",examples v,,v,,v,, p,T

h, :interpolation function
h, =1at node "k"
h, =0 at node #"k"
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The finite element method

2D example

Natural coordinate system
Inside each element (r, s)

-1 < r<1
-1 < s<1
1
hi(r,s) = I(I—H“)(l—l—s)
ho(r,s) = %(1—@(1“)
ha(r,s) — %(14)(1_8)
ha(r,s) — %(HT)@—S)
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The finite element method

2D four - nodes element

hl
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The finite element method

2D four - nodes element

+1

h2
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The finite element method

2D four - nodes element

h3
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The finite element method

2D four - nodes element
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The finite element method

RZ%O‘D hy =1 to be able to represent constant
=1 temperature situations

Are these meshes acceptable?
o ] ® e L
[ .
1 I YES
NO VES 1 I YES 2

www.simytec.com




The finite element method
Good Mesh

A TIME 1.000
)
[
N
A
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The finite element method
Good Mesh

A TIME 1.000
D
|\
N
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The finite element method

Good Mesh

However!!!
Minimize the element distortions to have good predictive capability

Target for each element: det(J)=const
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The finite element method

Isoparametric elements

T(r,s,t)=h(r,s,0)T,
x(r,s,t) =h (r,s,t) X,

y(r,S,t) — hk(r,S,t) yk
z(r,s,t)=h(r,s,t) z,
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The finite element method

r=-1

fa] 410 9 variabla-number-nodes two-dimensianal alement

Include only if node 7 is defined

i=5 i=8 i=7 i=% i=9
o= | Ml e i1 -1 -img -1
= In-anes | -k e e “lh
=) 100 -t -3hg -3t -1mg
R B B O e R -1t -1hg —+hs
=[in-Aies -1hg
Mg =| $01-5Hi1 - ~1ng
=z -A01-4 . -1ng
L I B B e B Lt ~3hy
g = | 11-r7101 -5

{b) Interpalaton functions

Figure 5.4 Interpolation functions of four to nine vanable -number-nodes two-dimensional

ehement From Bathe, Finite Element Procedures
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The finite element method

hy= gy—{ga + Ghz + Gh7lf2 hg = g6 — (g + Gha + Bl
hy = g2— (g9 + Gig + Grah2 hy = gr— (g4 + G1s + Gglf2
hy = gz~ (g + g1 + half2 hg = ga— (g5 + e + G20l2
ha = ga— (g1 + Gip + ol hi=gforf=9,..20

hs = ge={g13 + ghs + hrlfd

g; = 0if node iis not included; otherwise,
' g;= Gir, ri} Gis, s;) Gir, 1}
G(B, f) = 211+ B for =41

ip=rst
G ph=11-58  for g;=0 g

{b} Interpalation functions

Figure 5.5  (continued )

/ {a} B to 20 variable-numbar-nades three-dimensional

x element From Bathe, Finite Element

Figure 5.5 Inicrpolabion functions of eight to twenly vafiable-number-nodes three- Procedures
dimensional element
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FEM heat transfer

M- T+ (N +
NE
ﬁ _ Z ﬁc}..b_l
e = 1
NE y
K = > K7
e = 1

ME™ = [,.hi pC h; dD
el T
NG = [oehi pC,x - Nhj; dQ

I{SEE"I — J{_}b Yh:- k - Nh; dQ

i

The (Galerkin method is not good for

www.simytec.com
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N = N<
e = 1
NFE
F = > E“
e = 1
dl’
Pe =1 Pel®) =2t
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FEM heat transfer

0,
0,= 1 _ _

B SUPG: Streamline Upwind Petrov
| g Galerkin Method :The weighted functions
| 8,=-1 6,=1 8, are different of the approximation

\L \ g functions
\
1, o \a,=-1
X, - 11
Xy
ND _
o ; v fi 1
175 — Tv - Nh; ! T = E *
z ~ &g s p 2]
i = 1 2 |||
1 i L
fa ') — coth Pe; — : Pe; — ke
Pe; ' 2k
vf = g - X7 : v< = is the central velocity
ND = number of dimension : I; = characteristics dimension
el = [ X 07 HT = (71 hoe oo oo
i =1
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FEM heat transfer

NE R NE
M - (M%7 +M™7) N- > (N 4N
e =1 e =1
N E f NE
K = Y (g“ +§P““) F = (EC“ +FP“)
e =1 e =1
ME™ = [,.W; pC,h; dO NET = [,.W;pC,x - Nh; dS
KE® = — [ W; ¥ (k - ¥h;) dO FF™ = [,.W; g, d
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Laminar Flow

du
— +pv-Nv = N-g+b
Fﬂt py - vY BNy -
Vv = 0
g = —pi-k,.tt{"?a:—l—?ﬁ?}
Boundary conditions v = w in I'?
g-n =t inIV

Mur?=00yrrvnl?=o

Initial conditions
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Laminar Flow

Non-linearity

Picard Method
vy o aﬂ?_l
‘xt Y Ozt

Newton-Raphson Method

Av; L OUF ké}y‘?—l

N, o ] ] -

h—L U - + 2, .
daxt S dart
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Laminar Flow
Galerkin Method - Newton Raphson Method

o,

v, = hjL-J u; = hI -U-I

U

P = h;ﬁ‘f q=h§@‘r

v, \ I .J = k=171 oh, ]
) 0 Je— e 0 +J
+ [Lp(c?xi) hy, hy d |V + [L pv; hy, B d _ |
orl [An’  an’ ] . Rl 1.
. < 1 dQ| V7 — “hIdQ| P7 =
L’H&ri (355:-1 T Ot [ q Ozt 7
. [ a ’ k—1
+ U hﬂ__bidﬂl + U hi_,i!;dl““*] + ]phi (cuj t‘_) 4o
o ry o Oz
' ohl 7 -
I v, rJ _
[Lh?axidﬂ] ' =0
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Laminar Flow

» SUPG Method &/ +w’
» VP formulation

f (R, + w} }thD‘

v B [ A, k—1
LvrJg o = \/Dp a:ﬂj

(BRI +wl) hldo

i | Okl (8n  On]
Bes = / oz \ B B

onl
Gy = —[ 3Ihd§}]
Ry = U (R +wl }bdo]
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dv - -
M —+(N+E)-V+G-P = R
¢l o=

oh’
k—1 T I v
+ [Lp’b (hw —|—'i‘.bt,=) D dﬂ]
8 (onl IR
_ :I U; =1
U“ K s (aﬂ' N a.fk)‘m]

h J
F‘
L5210

Av; \ ! :
I g LT I, 1Y
/ﬂ (RI, + wl) (Lj Bﬂ) dﬂ] + Uﬂ K t,dl ]
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Laminar Flow

» SUPG Method

» Penalization formulation A = u p=-A\".v
fquﬂ= —}\fqz-gdﬂ M,-P = )\GT -V
0 0 ) — —
M, jx = [L h;h;‘dﬂ]
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Channel

Geometry
FRESCRIEED
VELOCITY
TIME 1.000
y L 003000
=
2

\.fz\uf3 F

Boundary conditions at the walls: non-slip

Boundary conditions at the entrance: velocities
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Channel

Laminar flow

Velocity = 10e-4 m/s
Reynolds = 10
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Channel

Laminar flow

Velocities in the central line

«
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" LINE GRAPH
0.
4+ Line CENTRAL
135 |
130. |
125, |
-
=
g
S 120
T .
z
115. -
110. |
105. |
100. : : : :
ol 0.5 14 15 2.0
DISTANCE
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Velocity = 10e-4 m/s
Reynolds = 10
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Channel

Laminar flow

Velocity = 10e-3 m/s
Reynolds = 100
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Channel

Laminar flow

TWELDCITY
TIME 1.000

E 001170
0.008%0
~ 0.00810
0.0063
0.00450
000270
0.00050

S ) e s e s R s e s s

e e S O Y e e e s s e e s s s s s i

Velocity = 0.01 m/s
Reynolds = 1000

www.simytec.com
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Cavity with sliding wall

Geometry

i FEESCRIEED
éﬁg*w === EH% VELOCITY
B TIME 1.000
B ]
B 1.000
B
E
B B
E
B
WowoF
=] 23
B ~ /4 7
& L
o ./
E i
B m‘ T AL
E
E e -
oo
-_'-.e:--:.--:- S S = = o g s L L
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Cavity with sliding wall
Boundary conditions

» Velocities at the upper wall » No slip at the other walls

PEESCRIBED
YELOCITY

TIME 1.000

[

oom

Corm

nwmmmmm m I ju] o UJUJUJCDUJDJJ]%
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Cavity with sliding wall

Laminar flow

NODAL_FRESSURE
TIME 1.000

A4.000E-06
2BRFE-O6
1.333E-06
Q.00 +00
-1.333E-06

-2B67E-06
-4 000E-06

MaRIMUM

& 5.840E-03
MODE 26
FMINIMUM

¥ -5B36E-05
MDDE 1

1
o /] ﬁ | owen
ot . /jj/f 0.0001000
R
v o

NI

PR TR s EOrUOUOCWS
00000825
NN PR *g:sggggg
o ~ - — — = s P ED.DDDOB75
S o o = 0.0000225
R B - o F 0.0000075
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Backward Facing Step

Geometry

Boundary conditions at the walls:

» No slip (B”s verdes)
PRESCRIBED
YELOCITY W W, Pokos
TIME 1.000 B 7SS
rl 1 0.0002200 WAL

B 1
T EEEEEEm==
B
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Backward Facing Step

Laminar flow

WELOCITY
TIME 1000
— = SETTLiisiniEEifiiiifit:iffsief i {E i i f L f = T = T i = ©oi i = = & T ¢t [0'0002655
: tD.EODHSU
— :: 00002100
===== SEEEETEE EEEr e ~ 0.0001750
— 00007400
— 0.0001050
"""""" 00000700
I:—o.monsso
Velocity = 0.00022 m/s
Reynolds = 440
www.simytec.com
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