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Abstract

The production of oil and gas from offshore oil fields is, nowadays, more and
more important. As a result of the increasing demand of oil, and being the
shallow water reserves not enough, the industry is pushed forward to develop
and exploit more difficult fields in deeper waters.

In this Thesis, a methodology for using the finite element method as a robust
engineering tool for analyzing the effect of the manufacturing tolerance on the
collapse and post collapse behavior of steel pipes was discussed and illustrated
with practical examples.

Even though, using a small strain formulation, the matching between nu-
merical and experimental results was excellent, the model results showed high
strains in some areas of the collapsed pipes. Therefore, we developed a new
shell element, MITC4-3D, incorporating elasto-plastic finite strains, based in
the MITC4 formulation. It was implemented for the analyses of elasto-plastic
shell structures and the results indicate that it is a very effective element.
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Chapter 1

Introduction

The production of oil and gas from offshore oil fields is, nowadays, more and more
important. As a result of the increasing demand of oil, and being the shallow water
reserves not enough, the industry is pushed forward to develop and exploit more difficult
fields in deeper waters.

Deepwater pipelines are used to carry oil and gas from wellheads and manifolds to
platforms or to shore. Figure 1.1 shows a simple representation of a deepwater installation,
with the flow lines on the seabed and the risers, a section of pipeline from the seabed to
platforms or ships.

Marine pipelines are constructed by different methods [61]. Figures 1.2, 1.3 and 1.4
show some of them: S-lay, J-lay and reeling technique, respectively. S-lay takes its name
from the suspended shape of the pipe at the end of the barge, which lays in an elongated
"S" from the stringer to the seabed, while for J-lay, the name is taken from the shape of
the suspended pipe, which forms a "J" from the vessel to the seabed.

Regarding reel-lay method, the pipe is assembled onshore and wound onto a large
reel on the vessel; before to be J-laid on its final location it has to be unwound and
straightened.

As a consequence of the extremely severe work conditions, the constructors of deep-
water pipelines need tubular products with enhanced resistance to withstand all the loads

that will be applied to the pipeline, both during its construction and in operation; among
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Figure 1.1: Deepwater pipelines.
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Sagbend area

Figure 1.2: S-lay barge pipelaying
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Figure 1.4: Reel-lay barge pipelaying
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them: internal and external pressure, bending, fatigue, tension, compression, concentrated
loads, impact and thermal load.

A very important issue to take into account is the buckling phenomenon [49] [61]. The
pipeline may buckle globally, either downwards (in a free span), horizontally (‘snaking’
on the seabed), or vertically (as upheaval buckling) (Fig. 1.5); global buckling implies
buckling of the pipe as a bar in compression (column mode). If the internal pressure
is higher than the external one, it introduces a destabilizing effect. The same problem
is encountered in the pipe production process, during the hydrostatic testing, where the
pipes are subjected to axial compression and internal pressure. It was demonstrated
in [32] and [60] that the pressurized pipe buckling load is lower than the Euler buckling
load for the same pipe but under equilibrated internal/external pressures; on the other
hand, when the external pressure is higher than the internal one, the resultant pressure

has a stabilizing effect.

Lateral buckling Upheaval buckling

Figure 1.5: Global buckling

Steel pipes under external pressure may also reach their load carrying capacity due
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to a second failure mode: the localized collapse [6] [59]; in this case the pipe structure
collapses with its sections loosing their round shape (Fig. 1.6). The local buckle failure
mechanism is most common during pipelay, due to excessive bending at the sagbend in

conjunction with external overpressure.

Figure 1.6: Local buckling

This thesis is focused on the second failure mode, considering pipes under external
pressure only and external pressure plus bending.

In the design of marine pipelines it is very important to be able to determine the
collapse pressure of steel pipes subjected to external hydrostatic pressure and bending.
It is also required to be able to quantify the effect of shape imperfections, such as ovality
and eccentricity, and residual stresses on the collapse strength. The investigation of the
post-collapse equilibrium path is also required to assess on the stability of this regime;
that is to say, in order to assess if a collapse will be localized in a section or will propagate
along the pipeline. Therefore, it is also important to be able to quantify the effect of the
geometrical imperfections and of the residual stresses on the post-collapse regime.

The external collapse pressure of very thin pipes is governed by the classical elastic
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buckling formulas [19] [77]; however for thicker pipes is necessary to take into account
elasto-plastic considerations. The external collapse pressure depends on many factors,

among them [22] [38] [40] [45] [47] [54],

e the relation between the outside diameter and the wall thickness ( OTD ratio),

the yield stress of the pipe (0,) and its uniform distribution through the pipe wall,

the steel work hardening,

the pipe geometry (outside diameter shape and wall thickness distribution along the

pipe),

the residual stresses (0 g) locked in the pipe steel during the manufacturing process,

e the localized imperfections in the pipe body.

A pipeline that has been damaged locally or presents some localized imperfections,
may fail and, if the hydrostatic pressure is high enough, the collapse may propagate all
along the pipeline. The collapse propagation pressure (Pp) is the lowest pressure value
that can sustain the collapse propagation [59].

The external collapse propagation pressure is quite lower than the external collapse
pressure; hence, in order to avoid the propagation of a collapse buckle and to limit the
extent of damage to the pipeline, it is necessary to install buckle arrestors at intervals
along the pipeline [44]. Buckle arrestors are devices that locally increase the bending
stiffness of the pipe in the circumferential direction. There are many different types of
arrestors, as it can be observed in Fig.1.7, but all of them typically take the form of
thick-walled rings. The external pressure necessary for propagating the collapse pressure
through the buckle arrestors is the collapse cross-over pressure (the minimum pressure
value at which the buckle crosses over the arrestor).

Figure 1.8 shows a drawing of the arrestor we are studying: the integral ring buckle
arrestor; the curve [External pressure vs. Internal vol variation|, where we can identify

the collapse pressure, the collapse propagation pressure and the cross-over pressure, and
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two arrestors after collapse. In the first case, obviously the external pressure was lower

than the cross-over pressure, as the collapse did not cross over the arrestor and the

downstream pipe is not collapsed. In the second case, on the contrary, the external

pressure was higher than the cross-over pressure, and both, upstream and downstream

pipes are collapsed.
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Figure 1.8: Integral ring buckle arrestor

Two different integral buckle arrestor cross-over mechanisms were identified in the

literature: flattening and flipping. The occurrence of either cross-over mechanism is

determined by the geometry of the pipes and of the arrestors [50] [62]. To validate our

numerical results on buckling arresting and cross-over mechanisms, we performed a series

of laboratory tests on medium-size carbon steel pipes. Experimental results and numerical

analyses are available in the literature for the cross-over of integral ring buckle arrestors

under external pressure, on different diameters and materials [44] [51] [55] [56] [57] [62].
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From a computational mechanics viewpoint, the topic of tracking the collapse and
post-collapse equilibrium path of elasto-plastic structures such as steel pipes, very sensitive
to imperfections and that can develop finite strains during its deformation is very
challenging. Even tough much research has been dedicated in the last twenty years to
this subject there is still ample room for improvement.

Since for the purposes described above numerical models are a fundamental
engineering tool, it is of utmost importance to have reliable models that can accurately
simulate the pre- and post-collapse behavior of steel pipes under external pressure and
bending. In order to assure the reliability of the developed numerical models, it is essential
to validate them, by comparing the finite element results with experimental ones.

In Chapter 2 we discuss the determination of the external collapse pressure of steel
pipes using finite element models and the effect of some imperfections on the structural
behavior of the pipes. We describe some simple 2D finite element models developed as a
first approach for the simulation of the external pressure collapse test. We compare the
results provided by these 2D models with the experimental results obtained at Tenaris
Siderca laboratory; the comparison demonstrates that a 2D geometrical characterization
of the pipes does not contain enough information to accurately assess on their collapse
strength. However, the 2D models are a useful tool for performing parametric studies on
the effects of ovality, eccentricity, residual stresses and work-hardening on the external
collapse pressure of the pipes.

To include bending in our analysis, we developed a 3D model of infinite pipes, using
MITC4 shell elements that include shear deformation [12] [13] [30]. This model accurately
describes the behavior of very long pipes. Considering the pipe dimensions under analysis
(in the cases that we analyze radius/thickness > 8), the use of shell elements to model
the pipes seems to be appropriate as the validations that we performed confirm. We
already presented the results and conclusions shown in this Chapter in Refs. [6] [79] [88].

But the pipe shape imperfections and the wall thickness normally change along
its length; also localized imperfections can be found in the pipes. Therefore, we

also implemented 3D finite element models of finite pipes, developed to overcome the
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limitations of the simpler models described previously. The geometrical information
on the test samples was acquired using the imperfections measuring system (IMS or
"shapemeter") developed at Tenaris Siderca lab, and were used as data for our 3D finite
element models [3] [4] [89]. The description of the IMS is included in Appendix A.

In order to build the reliability of the developed numerical models, several tests
programs were developed, where we compare the finite element results with the
experimental ones obtained at different labs, such as C-FER (Edmonton, Canada) and
Tenaris Siderca (Campana, Argentina).

In Chapter 3 we describe the experimental program that we developed to validate
the numerical results of the 3D models for external pressure and external pressure plus
bending, in the pre and post-collapse regimes [83] [85] [88]. The agreement between the
numerical results and the laboratory observations is remarkable good both, in the pre and
post-collaspe regimes.

In Chapter 4 we present the analysis of the collapse and post-collapse behavior of
pipelines reinforced with buckle arrestors. We developed finite element models to analyze
the collapse, collapse propagation and cross-over mechanisms of reinforced pipes under
external pressure only and we present an experimental validation of the models. In
particular we studied the case of welded integral arrestors [84] [86].

The comparisons between the numerical and experimental results show that the
developed finite element models are able to simulate the flattening and the flipping cross-
over mechanisms.

The numerical analyzes as well as experimental tests presented in Chapters 3 and 4
refer to seamless pipes. For large diameters, welded pipes are also used. The UOE is
one of the available processes for the production of these pipes and it involves the cold
forming of long plates. The UOE process is characterized by a forming stage followed
by SAW welding and expansion. During the forming stage, the plates are bent into a
circular shape by an edge press, and then deformed with the “U” press, and afterwards
with the “O” press. Then the formed plate is welded to produce the pipe by SAW process

and then expanded with a mechanical expansor to obtain a circular shape. It has been
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demonstrated that, for deepwater applications, the cold forming processes involved in
UOE pipe manufacturing significantly reduces pipe collapse strength [74].

In Chapter 5 we describe a 2D finite element model of the UOE forming process. The
model can simulate the effect of the process parameters corresponding to each forming
step on the final geometry and mechanical properties of the pipe, and allow us to evaluate
how the different process parameters affect the collapse behavior. A kinematic hardening
model is considered in order to incorporate a description of the Bauschinger effect on the
final pipe collapse pressures. The results presented in this Chapter were already presented
in [87].

Finally, Chapter 6 is devoted to the developement of a new shell element formulation
for finite strain analysis.

The shell element MITC4 [12] [13] [30] is nowadays the state-of-the-art element
formulation, included under different names in most of the commercial finite element
codes. The MITC4 element was developed for material and geometrical nonlinear analyses
but small strains.

The infinitesimal strain version of the MITC4 shell element was successfully used
for the analysis of deepwater applications of steel marine pipelines. The collapse and
post collapse responses were modeled and compared with experimental results, as it was
described above. Even though in those verifications the matching between numerical and
experimental results was excellent, it was also noticed that in the post—collapse regime
very high strains are developed in the steel shell. Therefore, a version of the MITC4 that
uses a posteriori updates of the shell thickness was used to incorporate into the model the
finite strain behavior. The results indicated that even though the consideration of finite
strains improves the solution, the room for improvement - when the overall equilibrium
paths are considered - is so small that it hardly justifies the use of a more expensive
numerical model. However, if local strains are sought, the finite strain model produces
much better approximations to the actual situation. Hence, the motivation for shell
element formulations apt for finite strain elasto-plastic analyses is still opened.

A previous attempt to develop the MITC4 formulation valid for large strains elasto-
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plastic analyses [36] produced an element which was computationally quite inefficient.

Our new shell element, MITC4-3D, was developed for finite strain analysis [80] [81] [82]

using the MITC4 strains interpolation and 3D constitutive relations.

Some of the basic features of our new element are,

the shell geometry is interpolated using mid-surface nodes and director vectors,

the node displacements and transverse shear strains are interpolated using the

original MITC4 formulation,

for interpolating the director vectors special care is taken to avoid spurious director

vector stretches,

additional degrees of freedom are considered to include a linear thickness stretching.

These thickness-stretching degrees of freedom are condensed at the element level,

the elasto— plastic formulation is developed following the work of Simo and co-
workers, multiplicative decomposition of the deformation gradient tensor and

maximum plastic dissipation (associate plasticity),

we use a general 3D constitutive relation instead of the original laminae plane stress

constitutive relation,

special consideration is given to the formulation efficiency.

As a first stage to test the new formulation, in [81] [82] we considered only hyperelastic

material models while in [80] we showed some simple examples considering finite strain

elasto—plastic analyses.

In this thesis the new element was implemented for the analyses of elasto-plastic shell

structures and the results indicate that it is a very effective element.






Chapter 2

Collapse and post-collapse behavior

of steel pipes: Finite Element

Models

2.1 Introduction

The main objective of this Chapter is to discuss some basic ideas regarding the behavior

of steel pipes under external pressure and bending.

In Section 2.2 we describe some simple 2D finite element models that we developed as
a first approach for the simulation of the external pressure collapse test. We compare the
results provided by these 2D models with the experimental results obtained at Tenaris
Siderca lab. The comparison demonstrates that a 2D geometrical characterization of the
pipes does not contain enough information to assess on their collapse strength. However,
the 2D models are a useful tool for performing parametric studies on the effects of the
ovality, eccentricity, residual stresses and work-hardening of the pipes on the external

collapse pressure values.

In section 2.3 we develop a 3D model to describe the behavior of very long pipes. This

model can simulate the behavior of the pipes not only under external pressure but also

15
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under bending.
In section 2.4 we present the 3D finite element models of finite pipes, and we use it
to study the correct measurement of the residual stresses. In the next Chapter we will

incorporate in the model a proper description of the pipe geometry.

2.2 Two dimensional finite element model of very
long pipes

In this Section we discuss the 2D finite element models that we implement to simulate the
behavior of ideal long specimens in the external pressure collapse test. We also compare

experimental results with the predictions of these 2D models.

2.2.1 Formulation of the 2D models

We develop the 2D finite element models using a total Lagrangian formulation [9] that

incorporates,

e geometrical nonlinearity due to large displacements/rotations (infinitesimal strains

assumption),

e material nonlinearity, an elasto-plastic constitutive relation is used for modeling the

steel mechanical behavior (von Mises associated plasticity [42]).

We develop the finite element analyses using a special version of the general purpose
finite element code ADINA [76] that incorporates the quadrilateral QMITC element [29]
[33] [34].

For modeling the external hydrostatic pressure we use follower loads [19], and we
introduce in our models the residual stresses with a linear distribution across the thickness.

When using a 2D model it is important to recognize that the actual collapse test is not

modeled exactly neither by plane strain nor by plane stress models because the absence
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of longitudinal restraints imposes a plane stress situation at the sample edges and the
length L of the samples (L/D > 10) approximates a plane strain situation at its center.
In this Section, in order to explore the limitations of the 2D models we analyze the

collapse test using both, plane stress and plane strain finite element models.

2.2.2 Two dimensional finite element results vs. experimental

results

The 2D finite element models are developed considering an elastic-perfectly plastic
material constitutive relation. We will show in Section 2.2.3 that disregarding the steel
work-hardening introduces only a negligible error in the calculated collapse pressures.
For standard tests, the laboratory keeps, for each sample, records of the average,
maximum and minimum outside diameter (D) at three sections (the central section and
the two end sections) and thicknesses () at the two end sections (eight points per section).

We construct the geometry of the 2D finite element models using,
e the ovality (Ov) and the average outside diameter of the central section,

e the eccentricity (¢) obtained by averaging the eccentricities of the two end
sections and the average thickness obtained by averaging the sixteen thickness

determinations.

The ovality and eccentricity are defined as,

Ov = Dunax = Drnin (2.1)

Daverage

tmax - tmin
E=—-
ta’uerage

The residual stresses for each sample are measured using a slit-ring test. The actual
transversal yield stress of the sample material is measured and its value is used for the
elastic-perfectly plastic material constitutive relation.

To determine the collapse loads of the sample models we calculate the nonlinear load-

displacement path and seek for its horizontal tangent.
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720 QMITC elements
1572 d.o.f.

Figure 2.1: 2D finite element mesh

To perform the numerical analyses we use a 2D mesh with 720 QMITC elements (Fig.
2.1) and 1572 d.o.f. Half of the pipe is modeled due to symmetry. To assess on the quality
of this mesh we analyze the plane strain collapse of an infinite pipe and we compare our
numerical results against the analytical results obtained using the formulas in Ref. [77].
From the results in Table 1 we conclude that the proposed 2D mesh of QMITC elements

is accurate enough to represent the collapse of very long specimens.

Average OD [mm] 245.42
Average thickness [mm] | 12.61
2 19.47

0, %] 0.18

oy [Mpal) 890
Mot et | .99

Table 1. Qualification of the 2D finite element model

From the analyses of different cases we identified two basic types of load /displacement
paths. In Fig. 2.2 we present both, direct and inverse collapse behavior of eccentric pipes.
The latter case was previously identified in the literature for the case of collapse under

external pressure and bending [23] [37].
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Figure 2.2: Eccentric tube: direct collpase behavior (D/t=22.13)

and inverse collpase behavior (D/t=17.67)

A total of 32 collapse tests, for casings 9 5/8" OD 47lb/ft and 7" OD 26lb/ft both
Grade 95 Ksi, were analyzed using plane stress and plane strain models. The comparisons
between the numerical and experimental results are plotted in Fig. 2.3.

It is important to observe that the collapse pressure values determined using the 2D
models present a significant deviation from the experimental ones, being in general the

former lower than the latter. Some reasons for this behavior are,

e the middle section ovality is not fully representative of the sample geometry,

e in developing the 2D models the measured ovality is entirely assigned to the first
elastic buckling mode. This conservative approach partially accounts for the fact

that the numerical values are lower than the actual ones,

e the experimental set-up used in these tests (Fig. 2.4) imposes on the samples
unilateral radial restraints at both ends. These restraints are not described by the

2D models; the difference between the numerical and actual boundary conditions
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Figure 2.4: Collapse chamber

also partially accounts for the fact that the collapse pressures predicted by the 2D

models are in general lower than the actual ones.

It is obvious, from the results in Fig. 2.3, that the 2D geometrical characterization of
a pipe is not enough for assessing on its collapse performance. However, the 2D models
are very useful for performing parametric studies on the relative weight of different factors

that affect the external collapse pressure.

2.2.3 Strain hardening effect

It was already mentioned that the strain hardening of the casing material does not play
an important role in the determination of its external collapse pressure. In this Section

we examine the above assessment using 2D finite element models.

We analyze two 9 5/8" pipes (a thin and a thick one) using a bilinear material model.
In order to explore different hardening values we consider three values for the constant
plastic tangential modulus: E; = 0.0 (perfect plasticity), 0.057F and 0.10F, where E is
the Young modulus. We also consider two ovality (Ov) values but we do not include in
this analysis neither the pipe eccentricity nor its residual stresses. We summarize the

numerical results of our analyses in Table 2.
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L2 1 Ov[% | E,=00| E,=0.057E | E,=0.1E
17.66 | 0.75 59.9 60.2 60.4
17.66 | 0.35 67.1 67.3 67.5
24.37 | 0.75 26.7 26.7 26.7
24.37 | 0.35 29.0 29.1 29.1

Table 2. Analysis of the work-hardening effect on the external collapse pressure [Mpal]

As it can be seen, for all the analyzed cases, the strain hardening has a negligible
effect on the external collapse pressure value.

It is important to recognize that in the above analyses we considered o, to be
independent of E;. This is not the case if as yield stress we adopt the one corresponding

to a relatively large permanent offset [78].

2.2.4 Effect of ovality, eccentricity and residual stresses

Using 2D finite element models we conduct a parametric study aimed at the analysis of
the effect, on the casing collapse pressure, of the ovality (Ov), eccentricity (¢) and residual
stresses (o R).

In the present analyses the ovality is considered to be concentrated in the shape
corresponding to the first elastic buckling mode and the eccentricity is modeled considering
non-coincident OD and ID centers.

In Fig. 2.5 we plot the results of our parametric study, normalized with the collapse
pressure calculated according to API Bulletin 5C3 (1994). It is obvious from these results
that the main influence on the external collapse pressure comes from the ovality and from
the residual stresses; however, the effect of the residual stresses diminishes when the ratio
(D/t) evolves from the plastic collapse range to the elastic collapse range. The eccentricity
effect, in the case of the external collapse test with neither axial nor bending loads, is

minor.
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Most of the literature dealing with casing collapse pressure agrees on the importance
of the ovality effect [38] [45] [47] [54] [78].

As a conclusion of the above parametric study we can assess that for producing pipes
with enhanced collapse pressure it is very important to have both, a low ovality and low

residual stresses.

2.3 Three dimensional finite element model of very
long pipes

In the previous Section we presented finite element models developed for studying the
collapse behavior of long steel pipes under external pressure; our purpose in the present
Section is to extend the study to the post-collapse regime and to loading cases that
combine external pressure and bending [79)].

We develop a numerical model to simulate the behavior of a very long pipe (infinite
pipe) and determine its pre and post-collapse equilibrium path. Using this model
we perform parametric studies in order to investigate the significance of the different
geometrical imperfections and of the residual stresses on the collapse and collapse

propagation pressures.

2.3.1 Formulation of a 3D model for very long pipes

The finite element models were developed using the nonlinear shell elements in the general-
purpose finite element code ADINA [76]. The main features of the finite element models

are,

e MITC4 shell element (4-node element that includes shear deformations) [12] [13] [30],
e automatic solution of the incremental nonlinear finite element equations [11],

e material non-linearity: elasto-plastic material with multilinear hardening; associated

plasticity according with the von Mises yield rule and isotropic or kinematic
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Figure 2.5: Parametric study of the effect of ovality, eccentricity

and residual stresses on the casing collpase pressure.
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Figure 2.6: Finite element mesh for the analysis of very long pipes

hardening [9],

e geometrical nonlinearity: large displacements / rotations [9].

For the cases with external pressure plus bending we first impose the bending and
then the external pressure keeping constant the imposed curvature.

In Fig. 2.6 we present the finite element mesh, which we use for the analysis of
very long pipes (the evolution of the cross section shape does not depend on the axial

coordinate).

Boundary conditions

e In one of the transverse planes (x = constant), both the axial displacements and

the rotations respect to n — n axis are restricted.

e The other transverse plane is free to move in the x direction, but is restricted to
stay flat (see the constraint equations below). In case it is necessary to model plane

strain condition, the movement of this plane is also restricted.

e Rotations are restricted according to the symmetry conditions with respect to the

plane z = 0.
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Figure 2.7: Master and slave nodes on the axially unrestricted

section

e In order to avoid rigid body displacements, a minimum number of additional

constraints is applied.

To be sure that the section keeps plane when bending is applied, we impose constraint
equations.

Fig. 2.7 shows, for the nodes on the section with unrestricted axial displacements,
the "Master" and "Slave" nodes.

The master node M is one of the two nodes on the intersection between the cross
section and the neutral axis corresponding to the applied bending, on the axially
unrestricted section. All the other nodes in that section are the slave nodes S.

The constraint equations are,

us = uy +0Y (ys —yn) +0Y (vs —vy)

05 = ¥

In the above equations,

y : initial y coordinate,
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u: displacement along the x axis,

v: displacement along the y axis,

f.: rotation with respect to the n — n axis.

It is important to take into account that when the sample is long enough (L/D > 10)
the end conditions have only a very small influence on the collapse pressure [38].

Following with the example described in Table 1, we compared the results obtained

using the two different shell models,

e Short model with no axial displacements (shell under plane strain conditions)

e (L/D = 10) model with the ends restrained to remain on a plane (welded end cups)

The results summarized in Table 3 indicate the equivalence of both models. For cases

with (L/D < 10) we may expect the end conditions to play a more significant role.

Theoretical result
FE shell PS 0.980

Theoretical result
FE shell long 0.978

Short model under plane strain conditions

Long model; % =10

Table 3. Long shell model compared with plane strain shell model

2.3.2 Validation of the finite element model

In order to validate the finite element model we introduced, in the present Section we
analyze a series of cases presented by S. Kyriakides in [48].

Even tough the pipes analyzed by S. Kyriakides are of smaller outer diameter and
different material characteristics (aluminium) than the pipes that we analyze with our
model, the mechanism of the collapse behavior is identical; hence, after the validation of
the model, we use it on typical seamless pipes.

In the test cases, Kyriakides adopted a bilinear law.

Figure 2.8 shows the curves [External pressure vs. Radial displ./R] for a pipe with
D/t =35, D = 1.2522”, F/o, = 225 and o, = 31.5 kg/mm?; it can be observed from
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Figure 2.8: Infinite tube. Qualification of the finite element model

for the pre and post-collapse equilibrium path

the comparison of those results that our results coincide with the results published by S.

Kyriakides, both in the pre critical and post critical regime.

2.3.3 Pipes under bending plus external pressure.

In this section we investigate the pre-collapse, collapse and post-collapse behavior of steel
pipes that are first bent and afterwards loaded with an increasing external pressure load

up to collapse.

From the finite element results we obtain two important values: the critical external
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Figure 2.9: Pressure-displacement characteristics of a long pipe

under external pressure

pressure (buckling initiation) and the buckling propagation pressure [59]. In order
to determine the buckling propagation pressure it is necessary to make the Maxwell
construction [48], using the [Pressure vs. Enclosed area change diagram] which is post-
processed from the finite element results (Fig. 2.9). The propagation pressure is a very
important property of the tubular material, since local bumps that drastically diminish
the pipes collapse pressure are unavoidable (either during the pipeline construction or
during its operation), it is important that the pipeline engineer designs the pipeline buckle
arrestors using the proper propagation value.

To illustrate on the actual deformation pattern of the pipe sections, in Fig. 2.10 we
show the results of a finite element analysis. In Fig. 2.9 as well as Fig. 2.10 there are

some distinct features to be recognized,

e the first stage of the deformation, from p = 0 up to the peak pressure is the pre-

buckling regime (e.g. point A, Fig. 2.10),

e the peak pressure is the collapse pressure,
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buckling (A) and post-buckling regimes (B and C).
8 5/8" OD 12.7 mm X60 pipe, initial ovality 0.3%

e from the collapse pressure onwards, up to the final stage in which points on the inner
surface of the pipe make contact among them, we have the post buckling regime

(e.g. point B and C, Fig. 2.10).

Effect of the pipe ovality

In this section we are going to investigate how the pipe bending curvature and its initial
ovality influence the pipe critical and buckling propagation pressure.

In what follows we use the notations,

k : constant bending curvature imposed on the pipe, kept constant during the external
pressure test.

ky,: value of the constant bending curvature that takes the pipe most stressed point

into the plastic regime.
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We analyze the behavior of an 8 5/8" OD 12.7 mm WT X60 pipe, with a moderate
initial ovality. We represent the external pressure vs. the resulting ovality for each
pressure level (we calculate the resulting ovality, adding to the initial values of Dy, and
Diin the corresponding node displacements). Figure 2.10 shows that the initial ovality
is absolutely negligible when compared with the ovality induced by the loading; even the
ovality corresponding to point A, that is to say the ovality induced by bending (Brazier

effect), is much larger than the initial ovality.

Even tough the initial ovality has a strong influence on the critical collapse pressure
when no bending is applied, as it was shown in the previous section, the effect of the
initial ovality on the critical collapse pressure diminishes when the imposed curvature is
increased. If a perfectly round tube is bent the cross section is ovalized (“Brazier effect”),
when the bending increases, the Brazier-ovality grows and therefore the initial ovality

becomes less important as compared with this bending-induced ovality.

In Fig. 2.10 we represent the initial shape of the pipe cross section and its shape
for the moment at which the inner surface closes onto itself. Please notice the strong

asymmetry of the final cross section (point C).

In Fig. 2.11 we measure the applied curvature with the radius “R” and with the
maximum bending strain (as a reference we indicate the radius of a typical reel used to
lay marine pipelines).

The effect of the pipe initial ovality on their collapse propagation pressure is negligible

for any bending situation, as shown in Fig. 2.12.

Effect of the pipe eccentricity

For low values of applied bending the eccentricity effect on the pipes collapse pressure is
much lower than the ovality effect, and it is almost independent of the applied bending
(Fig. 2.13). The eccentricity effect on the pipes collapse propagation pressure is not very

relevant either (Fig. 2.14)
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2.11: Infinite pipe model. Ovality effect on the collapse
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Effect of the pipe residual stresses

In Figs. 2.15 and 2.16 we present the effect of the residual stresses on the collapse pressure
and collapse propagation pressure, for various values of imposed bending (the bending is
measured, in these figures, with the relation between the imposed curvature k& and the

curvature that yields the most strained fiber of the pipe section k).

The effect of the residual stresses on the external collapse pressure depends on the
applied bending. For the lower values of curvature, the external collapse pressure decreases
when the residual stresses absolute value increases, but for higher bending the collapse
pressure increases when the residual stresses change from negative to positive values.
Anyway, the effect of the residual stresses on the pipe critical collapse pressure is quite

low when a strong bending is applied.

The effect of the residual stresses on the collapse propagation pressures is not very

important, with or without bending.
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Figure 2.16: Infinite pipe. Residual stresses effect on the collapse
propagation pressure. 8 5/8" OD 12.7 mm X60 pipe

Effect of the imposed bending

As it can be seen in the above figures bending diminishes the external collapse pressure
of the pipes, due to the fact that it increases its ovality (“Brazier effect”).
It is also interesting to observe that bending increases the collapse propagation

pressure.

2.4 Three dimensional finite element model of finite
pipes

Following what we did above, we use a total Lagrangian formulation that incorporates the
geometrical nonlinearity coming from the large displacements /rotations and the material
nonlinearity coming from the elasto-plastic constitutive relation. We develop the finite

element analyses using the code ADINA [76] and the MITC4 shell element.

As in the previous Section, follower loads are used to model the hydrostatic external
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pressure and the residual stresses are modeled with a linear distribution through the

thickness.

2.4.1 Residual stresses

We use the slit ring test at our laboratory for measuring the residual stresses in the pipe
samples [47] [53] [75]. As we see from Fig. 2.5 the correct measurement of the residual
stresses is fundamental for determining the external collapse pressure of a pipe under
external pressure only.

When implementing the slit-ring test some laboratories use long slit-ring samples
(L/D > 3) and other laboratories use short slit-ring samples (L = 25 mm). We prefer
to use long samples because they represent the averaged effect of the residual stress

distribution.

Slit-ring test: long samples vs. short samples

From a 9.5/8" OD 53.5 1b/ft P110 pipe, 16 long samples (L = 3D) and 16 short samples
(L = 25 mm) were obtained. The samples were cut and slit open by machining; no torch
cutting was used. All the samples were slit open along a generatrix.

To determine the residual stresses the measured openings were post-processed

according to the following formula, for long samples (approx. plane strain),

at FE
= 2.2
TR R (1—v?2) (22)
and for the short ones (approx. plane stress),
at F
— 2.
IR nR? (2:3)

where,
a: opening of the slit-ring sample,
t: average thickness of the sample (averaged over eight determinations),

E: Young’s modulus of the steel,
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v: Poisson ratio of steel,
_ Dt
R=,
D: outside diameter of the sample before the test (averaged over three
determinations).

In Table 4 we summarize the results obtained for the same pipe, with the long and

short samples.

Residual stresses Long samples | Short samples
Average [M Pal 243 217
Standard deviation|[M Pa] 19 39
Mazimum [M Pal 276 278
Minimum [M Pal] 217 153

Table 4. Slit-ring tests performed on one pipe

The results obtained with the short samples present a larger dispersion than the results
obtained with the long samples. Since the cutting, slitting and measuring techniques
employed for both kind of samples are the same, we can correlate the largest dispersion
in the short sample results with the physics of our problem: the pipe residual stresses are
variable point-to-point and the short samples measure local values while the long samples
average the values over a length equal to three diameters.

Since, for determining the casings collapse pressure, the average value of the residual

stresses is more significant than local values, we recommend to use slit-ring test samples

with L = 3D.

Three dimensional simulation of the slit-ring test

To check the capability of our 3D finite element models to simulate different residual
stress patterns we consider a 9 5/8" OD 47 Ib/ft P110 casing with o, = 758 M Pa and

or =020,
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We calculate the value of the samples opening in a slit-ring-test using the analytical
relation (2.3) and (2.2) between residual stresses and sample openings as well as using
the 3D finite element model shown in Fig. 2.17, where the residual stresses are simulated
with a linear distribution across the thickness and the slit of the cylindrical sample is
simulated by removing a row of elements.

The results are shown in Table 5. Hence, our 3D finite element procedure for

representing the residual stresses can be considered as realistic enough.

Sample length | —2EEA—

QAanalytical

25 mm 1.02
3D 0.99

Table 5. Validation of the residual stresses simulation using 3D finite element models

2.5 Main observations

It was shown that the models of very long pipes do not contain enough information on
the sample geometries to provide accurate predictions on the collapse pressure. However,
they are very useful for developing parametric studies.

Using those models, we analyzed the pre and post-collapse regimes of very long pipes,
and the effect of the initial ovality, eccentricity and residual stresses on the collapse and
collapse propagation pressures.

From our numerical results we draw the following conclusions,

e the initial ovality has very important influence on the pipe collapse pressure when
only external pressure is applied, but this influence diminishes as the bending

curvature increases,

e the initial ovality has a negligible influence on the collapse propagation pressure

under any bending condition,
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b) Before and after slitting. Front view

Figure 2.17: Three dimensional finite element simulation of the

slit-ring test.
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e for low values of applied bending, the eccentricity effect on the collapse pressure
is much lower than the ovality effect, and it is almost independent of the applied

bending,

e the effect of the residual stresses on the external collapse pressure depends on
the applied bending, they are a fundamental ingredient for determining collapse
pressures under external pressure only, but it is quite low when a strong bending is

applied; however, care should be taken regarding its measurement methodology,

e the effect of the residual stresses on the collapse propagation pressures is not very

important, with or without bending,

e bending diminishes the external collapse pressure of the pipes, due to the fact that

it increases its ovality.



Chapter 3

Collapse of deepwater pipelines
under external pressure plus
bending. Validation: numerical vs.

experimental results

3.1 Introduction

In this Chapter we present the 3D finite element models of pipes under external pressure
and external pressure plus bending; these models incorporate a proper description of the
pipe geometries.

We present the results of full-scale test program and finite element analyses performed
on seamless steel line pipe samples under external pressure only and external pressure plus
bending. These laboratory tests were carried out in order to obtain experimental results
to be used in the validation of the numerical models.

In Section 3.2 we describe the experimental program, the laboratory facilities and the
experimental tests while in Section 3.3 we describe the finite element models, compare de

experimental vs. numerical results and evaluate the sensitivity of the numerical results

41
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to small variations in the model data.

3.2 The experimental validation program

The test objectives were,

e determine the collapse loading and the post-collapse equilibrium path for external

pressure loading,

e determine the effect of bending on the collapse strength of the pipe specimens by
first applying external pressure then, while maintaining a constant external pressure,

increase bending until collapse occurs (P — B),

e determine the effect of bending on the collapse strength of one pipe specimen by
first applying bending then, while maintaining a constant bending strain, increase

the external pressure until collapse occurs (B — P),

e to obtain information for the model, mechanical tests on samples taken in the
circumferential direction were made and the hoop residual stresses were measured

using slit-ring test.

Therefore, the experimental work involved performing initial geometric measurements,
material property tests and full-scale collapse tests (external pressure only), full-scale
P — B tests and a full-scale B — P test. Nine samples were tested, all of them conforming

to API 5L grade X65. The nominal dimensions for each sample are indicated in Table 1.
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Sample | OD [mm] | t [mm] | 22 | Test tipe
1 353 22 16.05 | Collapse
2 353 22 16.05 | P— > B
3 353 22 16.25 | P— > B
4 323.85 17.65 | 18.35 | Collapse
5 323.85 17.65 | 1835 | P—> B
6 323.85 17.65 | 1835 | P—> B
7 323.85 20.30 | 15.95 | Collapse
8 323.85 20.30 | 1595 | P—> B
9 323.85 20.30 | 15.95| B—> P

Table 1. Test Specimens

Geometrical characterization of the samples

The outer surface of the nine samples was mapped using the IMS or "shapemeter" while
the thickness of the samples was mapped, using a standard ultrasonic gauge. The mode
distributions and the thickness maps are presented in Appendix A.

A few comments can be made about these geometric imperfections,

e the imperfection that controls the value of the buckling pressure is the second mode
of the shape Fourier decomposition, which is coincident with the first buckling

mode [6],

e the value of that second mode is quite different (lower) from the ovality measured

with a standard API ovalimeter [5].

Mechanical characterization of the samples

Coupon tests For each pipe sample the following determinations of the yield stress

were made,

e coupons in the circumferential direction, tension and compression tests,
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Figure 3.1: Testing Coupons at C-FER and Stress Strain Curves
for Sample 4

e coupons in the axial direction, tension and compression tests.

All tension and compression coupon tests were conducted using C-FER’s material
testing machine shown in Figure 3.1; it also shows some sample stress strain curves from
Specimen 4.

The grip assembly used in the set-up is designed to prevent the ends of the specimen
from rotating. Complete specimen end fixity was designed in order to prevent specimen
buckling and to achieve 1% strain in the compression tests.

Measured yield strengths, based on 0.5% strain, ranged from 427 to 551 MPa for the
tensile tests and 452 to 648 MPa for the compression tests.

Ring Splitting Tests

Six ring splitting tests were conducted to determine pipe cross-sectional circumferential

residual stresses.
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Ring splitting tests were performed for each supplied pipe to measure the opening
displacement of the ring sections, from which residual stress estimations were made.
Residual stresses were calculated assuming a linear-elastic bending stress distribution
through the wall thickness. Table 2 summarizes the hoop compressive yield strengths and

hoop residual stresses for each specimen.

Sample | o, (hoop) [M Pal % (%]
1 589.58 4.98
2 587.62 4.99
3 580.26 7.94
4 537.00 36.90
) 536.51 36.90
6 498.64 40.71
7 501.98 18.10
8 501.49 10.03
9 492.46 16.40

Table 2. Circumferential compression yield stress and circumferential residual stresses.

3.2.1 Full-scale Tests

C-FER’s Deepwater Experimental Chamber was used for the full-scale tests [92]. The
chamber, shown in Figure 3.2, has a tested pressure capacity of 62 MPa, with an inside

diameter of 1.22 m and an overall inside length of 10.3 m.

Collapse and Buckle Propagation Tests

Three collapse and buckle propagation tests were conducted. Two of the collapse tests
required pressures in excess of 62 MPa. To achieve higher pressures, a secondary pressure
vessel was used inside of the Deepwater Experimental Chamber, allowing pressures up to

80 MPa (Fig. 3.3). After initial collapse, they continue pumping water into the pressure
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Figure 3.2: C-FER’s Deepwater Experimental Chamber

vessel to propagate the buckle. The propagation pressure for the three tests averaged 24%
of collapse pressure.

Measurements taken during the test included primary and secondary chamber
pressures, specimen internal pressure (which was maintained near atmospheric pressure),
the volume of water being pumped into the chamber and the volume of water coming out

of the specimen.

P—B Tests

Five P — B tests were performed. To perform these tests, a custom-built pipe bending
system was installed inside the Deepwater Experimental Chamber (maximum bending
strain of 1.5% for a 353 mm OD pipe). The bending system applied equal and opposite
end moments to the specimen ends using concentrated loads from hydraulic rams (Fig.
3.4).

Measurements for the tests included chamber pressure (specimen external pressure),

specimen internal pressure, hydraulic actuator pressure, strains from four strain gauges
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Deepwater Experimental Chamber

Secondary Pressure Vessel

Pipe Specimen

Figure 3.3: Pipe-in-pipe Set-up for High Pressure Tests

Hydraulic
Actuators
Deepwater Experimental
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Compression
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Welded End Caps

Moment Applying End Plates

Figure 3.4: Combined Pressure and Bending Set-up
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Figure 3.5: Bending Moment — Strain Plots

on the test specimen, and specimen end rotation. Global bending strain was calculated
based on the end rotation measurements.
Collapse of many of the specimens was characterized by an audible “bong”, a sudden

decrease in external pressure and a sudden increase in specimen internal pressure.

B—P Test

A single B — P test was performed. Test set-up and measurements for this test were
identical to the P — B tests described in the previous section.

Moment-strain plots for each of the bend tests are shown in Figure 3.5. The relation
between increasing applied bending and decreasing collapse pressure agrees with the same
tendency reported in Chapter 2 as a result of finite element simulations of B — P tests.

Results of the full-scale tests are shown graphically in Figure 3.6.

The tests successfully demonstrated the influence of bending on collapse strength for
the specimens tested. Bending diminishes the external collapse pressure of the pipes, due

to the fact that it increases its ovality (“Brazier effect”) and introduces a biaxial state
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Figure 3.6: Full-scale Test Results

of stress (although present, radial stresses are ignored in this discussion). In addition,
the stability of the pipe cross-section is dependent on the sequence of load application,
as evidenced by the single B — P test result, which was approximately 50% higher than
would have been expected for a test conducted with a P — B load path. The dependency
of collapse on the sequence of loading is related to the loading/unloading sequences (and
resulting material stiffness changes) that arise around the circumference of the pipe cross
section. The dependency of collapse on the load path is also discussed in [24] for B — P
and P — B.

All the collapsed samples were visually inspected for cracks and despite the very large
strains that were developed in the post-collapse regime [79], no cracks were found. This
demonstrates the high ductility of the steel pipes. One advantage of this ductility is that,

in the unlikely event a buckle is formed, the chance of a wet-buckle [48] is greatly reduced.

3.3 Validation of the finite element results

The 3D finite element models of pipes were developed using a material and geometrical

nonlinear formulation [9] and they incorporate the following features,
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e geometry, as described by the OD mapping and by the thickness distribution,
reported in Appendix A for each sample,

e MITC4 shell element [12] [13] [30],

e von Mises elastic - perfectly plastic material model with the yield stress
corresponding to the sample’s hoop yield stress in compression. In this model,

the plastic anisotropy of the material was neglected,
e circumferential residual stresses (experimentally measured),

e contact elements on the pipe inner surface [9] in order to prevent its inter-penetration

in the post collapse regime,

e the nonlinear equilibrium path was tracked using the algorithm described in Ref.

[11]7

e the boundary conditions depend on the collapse chamber used in each case.

3.3.1 Numerical results

Because the characteristics of the collapse chambers used in these tests, shown in Figs. 3.3
and 3.4, the external pressure acts on the lateral surface of the pipes and also it introduces
an axial compression on them.

In what follows, in order to validate the numerical models, for the nine tests described

in Table 1 we compare the finite element results with the full-scale results.

Sensitivity of the numerical results

It is important to realize that the laboratory determined diameter and wall thickness of the
pipe samples, performed at Tenaris Siderca, is subjected to the normal indeterminations

of lab measurements.
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We also characterize the mechanical properties, such as the yield stress and the
residual stresses, with a constant value although they have a degree of variability inside
the sample.

Hence, we need to be able to evaluate the sensitivity of the numerical results to small
changes in the data.

The sensitivity of the collapse pressure to the yield stress value can be written as,

0 . Hoop, _ Axial 0. Hoop, _ Axial
8pcol . pC01(0y+Aay7 ORes 7 TRes ) - p601<0y7 ORes 3 ORes )

do, Ao,

In the above equation,
02: base value for the yield stress.
Aoc,: admissible variation for the yield stress.

Orad?: residual stress value in the hoop direction.

orZl: residual stress value in the axial direction.

Initial baseline analyses were performed using the above-discussed geometrical and
mechanical properties. Axial residual stresses were not measured in the test program and
were assumed to be zero for this baseline case. However, to estimate the sensitivity of
collapse pressure to axial residual stresses, we assumed the axial residual stresses to have
a linear distribution through the pipe wall thickness. A maximum value was assumed
when the residual stress equaled the absolute value of the measured hoop residual stresses
and they were tensile on the outer fibers. A minimum value was assumed when they were
equal to the absolute value of the hoop residual stresses and they were compressive on
the outer fibers. A variation of +10% was also assumed in the values of yield stress and

hoop residual stress to estimate the sensitivity of collapse to changes in their values.

The sensitivity of the collapse pressure to the value of the hoop residual stresses is,

0. Hoop Hoop, _ Axial 0. Hoop, _ Axial
8pcol . pcol<0y7 ORes +A0Res » ORes ) - pC01<0y7 ORes 7 ORes )

Hoop ~— Hoop
aO-Re s AO-Re s

The sensitivity of the collapse pressure to the value of the axial residual stresses can

be calculated using a similar procedure.
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Figure 3.7: Sample 4: sensitivity analysis for the external collapse

pressure

External pressure only (samples 4, 1 and 7)

Sample 4. The numerical results compared with the experimental ones are shown in

Fig. 3.7.

The baseline finite element result presents an excellent agreement with the

experimental result.

The difference of 3.4% between the finite element predicted and the experimentally
determined collapse pressures can be attributed to the non-homogeneous yield stress and

to the indetermination in the value of the axial residual stresses, as can be seen in Fig.

3.7.

In Fig 3.8 we compare the experimentally and numerically determined
[External Pressure vs. Internal Volume Reduction] diagrams. In this Figure we

also compare the deformed meshes corresponding to the post-collapse regime with the
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Figure 3.8: Sample 4. External pressure vs. internal volume
reduction; finite element curve and experimental

results

collapsed pipe profile. It is important to realize that the numerical analysis was halted

before the collapse could propagate through the entire sample.

Both diagrams are practically coincident, except in the interval that goes from
immediately after the pipe collapse to the point at which the experimentally and
numerically determined curves merge again. In the experimental test, after collapse the
chamber is abruptly depressurized and water must be pumped to regain pressure. Hence,
the [External Pressure vs.Internal Volume Reduction| experimental path is different

from the numerical one, which better represents the undersea conditions.

Figure 3.9 present the deformed finite element mesh corresponding to a certain point

of collapse propagation.

Hence, we can assess that the post-collapse response of the finite element model,
specifically the path in which the collapse propagates, has an excellent match with the

experimental results.

In the post-collapse regime the pressure raises from 1 kg/mm? to approximately
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Sample 4

Collapse propagation (end view )

Collapse propagation (lateral view)

Figure 3.9: Sample 4. Post-collapse: isometric and end view

1.22 kg/mm? (propagation pressure) due to the stiffening effect of the contact between
opposite points on the inner pipe surface. The ratio between the numerical collapse

propagation pressure and the experimental one is 0.89.

In Fig 3.10 we can observe the propagation of the contact pressure along the contact
line in the raising part of the equilibrium path.

It is important to note that the sensitivity of the propagation pressure to the yield
stress value is quite low: in the analyzed case it is ten times lower than the sensitivity of

the collapse pressure to the yield stress value.

With the finite element model, for sample 4, we obtained,

apcol

— 0.100
802
v _ 013

0o9



55 Deepwater linepipe models under external pressure plus bending

€ External pressure 0.98 ka/mm2
£
2 oo
y
: ]
E 00
£ n CF
8
0 l: Max.
o 00 1200 1200 2400 3000 3600 -
¥ [m -
E External pressure 1 .16 kgimm2
1500 [ o

Contact Force [kaimm]
—
o

¥ [mm]

External pressure 1.21 kg2

Cortact Foree (kafmm]
& |
o

- =

¥ [mm]

Figure 3.10: Sample 4. Propagation of the contact pressure along

the contact line

Samples 7 and 1. Figs. 3.11 and 3.12 summarize the comparison between the finite
element and experimental results for samples 7 and 1, respectively, while Figs. 3.13 and
3.14 present the external collapse pressure sensitivity analyses performed on both samples.
For sample 7 we have also analyzed the sensitivity of the collapse pressure to the measured
thickness. Since we measured the wall thickness using a manual ultrasonic device, errors
in this measurement due to a wrong positioning of the ultrasonic gauge are very easy to
have.

Regarding the collapse propagation pressure, the ratio between the numerical result
and the experimental one is 0.99 for sample 7 and 0.87 for sample 1.

In Fig. 3.15 we map the equivalent logarithmic plastic strains. As we discussed above
these strains are rather large, however these samples did not present any crack when it

was visually inspected at C-FER after the collapse test.

FEA for the B — P Test

In this test, the post-collapse regime was not investigated; hence, only the collapse external

pressure could be compared.
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results
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Figure 3.16: Sample 9. Bending moment vs. average bending
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The finite element result presents an excellent agreement with the experimental result:
a difference of only 3.6% between the FEA prediction and the experimentally determined
collapse pressures. This can be attributed to the non-homogeneous yield stress and to the

uncertainty of the value of the axial residual stresses.

Figure 3.16 presents the curve [Bending moment vs. average bending strain] for

sample 9.

FEA for the P—B test

In this experimental test, the post-collapse regime was not investigated; hence, only the
collapse bending moment could be compared. Five samples were first loaded with external
pressure and afterwards, maintaining constant the external pressure, they were bent up
to collapse. The following table summarizes the comparison between the numerical and

experimental results.
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Figure 3.17: Sample 6. Bending moment vs.average bending strain

and pipe after collapse

Sample %:pm%
2 1.047
3 1.088
5 0.972
6 0.998
3 0.998

Table 3. Results for pressure plus bending

The finite element results are in excellent agreement with the experimental ones.
Figures 3.17 and 3.18 present the curves [Bending moment vs. average bending strain]
and pictures of the pipes after collapse (samples 6 and 8, respectively); Figure 3.18 also

shows the equivalent plastic strain distribution.
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Regarding sample 6, the applied external pressure was 91% of the analytically

predicted external collapse pressure.

The sensitivity analysis results for all the samples are listed in Table 4.

y ol Iy veall e ol e veall B roeall B vl BTl i rall e Yo

Sample 4 7 1 9 6 8 5 2 3
Baseline 0.966 | 1.103 | 0.977 | 0.964 | 0.998 | 0.998 | 0.972 | 1.047 | 1.088
Min.axial op | 1.004 | 1.124 | 0.983 | 0.956 | 1.048 | 0.998 | 0.972 | 1.048 | 1.088
Max.axial o | 0917 | 1.081 | 0.971 | 0.974 | 0.688 | 0.998 | 0.970 | 1.047 | 1.088
Min.hoop o | 0.982 | 1.110 | 0.979 | 0.962 | 1.046 | 0.998 | 0.972 | 1.048 | 1.088
Max.hoop or | 0.948 | 1.096 | 0.975 | 0.968 | 0.902 | 0.998 | 0.972 | 1.047 | 1.089
Min. o, 0.872 | 0.998 | 0.889 | 0.903 | 0.166 | 0.827 | 0.854 | 0.843 | 0.919
Maz. o, 1.058 | 1.207 | 1.062 | 1.022 | 1.336 | 1.156 | 1.088 | 1.223 | 1.247

Analysis Predictions

For the pipe specimens

Table 4. Sensitivity Analysis Results

subjected to external pressure only, the numerically predicted

collapse mode matched the experimentally observed mode in only one case (Fig. 3.19 ).

However, in the cases that included bending, the agreement was excellent (Fig. 3.20).

3.4 Main observations

The agreement between the finite element predictions and the laboratory observations,

both in the pre- and post-collapse regimes was very good. Therefore, the finite element

models can be used as a reliable engineering tool for analyzing the effect of different

imperfections, and of residual stresses, on the collapse and collapse propagation pressure

of steel pipes.
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Figure 3.19: Sample 7. FEA and experimental Predictions for the
Collapsed Section (External Pressure Only)
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Figure 3.20: Sample 9. Numerically Predicted and Experimentally
Observed Collapse Mode for the B — P Test
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The tests not only confirm the conclusions drawn in the previous Chapter, regarding
the detrimental effect of the bending on the collapse pressure of the pipes, but also show

the dependency of the collapse on the load path.



Chapter 4

Collapse of deepwater pipelines with
buckle arrestors. Validation:

numerical vs. experimental results.

4.1 Introduction

In this Chapter we focus on the analysis of the collapse and post-collapse behavior of
pipelines reinforced with buckle arrestors; we develop finite element models to analyze
the collapse, collapse propagation and cross-over pressures of reinforced pipes and we
present an experimental validation of the models. In particular we consider the case of

welded integral arrestors.

In Section 4.2 we describe the experimental facilities and the laboratory tests that
we performed to determine, for different [pipe — arrestor] geometries, the collapse,
propagation and cross-over pressures. In section 4.3 we describe the finite element models
that we developed to simulate the collapse tests and finally we compare the experimental

results with the finite element ones, in order to validate the model.

65
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Figure 4.1: Experimental set-up
4.2 Experimental results

4.2.1 Experimental set-up

The purpose of the laboratory tests developed for different combinations [pipe+arrestor+
pipe] was to track the post-collapse equilibrium path for the assembly under external
pressure and to determine from it the collapse and the cross-over pressure. For these tests

we used the experimental set-up shown in Fig. 4.1.

Each sample had two pipes, one on each side of the arrestor; Figure 4.2 shows the
assembly of one of the samples. For each side, a L/OD ratio greater than 7.5 was used

in order to minimize the end - effects on the collapse loads.

Two solid end-caps were welded on each end. The internal section of the end-caps
was shaped to avoid localized failure during propagation. The shape of this section was
derived from the finite element results of a free propagating buckle 4.13. In Figure 4.3 we
compare two samples which were subjected to similar external pressure; sample A, with
standard end-caps, was broken while sample B, with the special end-caps, was not.

The biggest chamber at Tenaris Siderca lab facilities was used, which usually tests

sample pipes up to OD 10 %” (273.05 mm) with a maximum length of 4.2 m and a limit
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Figure 4.2: Pipes and arrestor assembly

Sample A Sample B
(standard end-caps) (special end-caps)

Figure 4.3: Comparison of the critical zone between two samples,

with and without end caps.
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Figure 4.4: Collapse chamber

pressure of 25000 psi. In this opportunity, some modifications had to be made to adapt
the chamber ends to the size of the pipe. Figure 4.4 shows a detailed drawing and a
photograph of the collapse chamber.

Fach specimen was completely filled with water before the beginning of the test.
From a 25 mm hole in one of the end-caps (Fig. 4.5) the displaced water was directed
to a container connected to a load cell (Fig. 4.6). The load variation in the load cell is
proportional to the displaced water and therefore to the variation of the specimen inner
volume.

To localize the buckle initiation, we milled a groove on one of the pipes (upstream
pipe) as shown in Fig. 4.7.

In Fig. 4.8 we present a detail of the geometry of the arrestor and we define the

dimensions and steel grade! of the four tested samples.

IThe steel Grade 6 defined by the standard ASTM A-333 has a minimum yield stress of 240 MPa and

a minimum ultimate stress of 414 MPa.
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Figure 4.5: End-caps welded to the pipe

Figure 4.6: Internal Volume Variation Measuring System
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Depth: 1.5 mm

Width: 28 mm

28

Length: 175 mm

175

]

Figure 4.7: Groove machined on the upstream pipe to localize

the collapse initiation. (a) General view (b) Detailed

sections
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L1 La /l__ L2
Pipe OD .P'pe Pipe steel Arrestor Arrestor Arrestor steel Sample Expected cross-
Sample [mm] thickness grade (h/t) (La/DY grade length over mechanism
(t) [mm] [mm]
3]
1 141.3 6.55 X42 2.0 0.50 (ASTM A-333) 2250 Flattening
2 141.3 6.55 X42 25 0.50 x42 2250 Flattening
3 141.3 6.55 X42 3.0 0.75 K42 2274 Flipping
4 141.3 6.55 X42 3.0 1.00 K42 2330 Flipping

Figure 4.8: Welded arrestors geometry and materials
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Figure 4.9: Data acquisition during the collapse tests

During the tests, we continuously increased the external pressure as in a standard
collapse test; after the collapse the pumping continued through the upstream propagation,
cross-over of the arrestor and downstream propagation. All the test data was recorded at

an average sampling rate close to 10Hz (Fig. 4.9).

4.2.2 Geometrical characterization of the tested samples

The outer surface of the samples was mapped using the shapemeter [6]. The mode

distributions and the thickness maps of the sample 1 are shown in Appendix A.

4.2.3 Mechanical characterization of the tested samples

For all the pipe and arrestor materials we determined,

e stress—strain curves (longitudinal tensile tests since the thickness of the pipes was

The steel Grade X42 defined by the standard API-5L has a minimum yield stress of 290 MPa and a

minimum ultimate stress of 414 MPa.
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too small for hoop samples),

e hoop residual stresses (evaluated using slit ring tests).

In Table 1 we summarize the residual stress values.

Sample | Messiel m el i
1 0.39
2 0.47
3 0.47
4 0.49

Table 1. Residual stresses measured using the slit ring test

4.3 The finite element model

As in the models described previously, we simulated the external pressure collapse test
using the MITC4 [12] [13] [30] shell element implemented for finite elasto-plastic strains
in the ADINA system [76]. The numerical model was developed using a material and
geometrical nonlinear formulation, which takes into account large displacements /rotations
and finite strains [9], since it was discussed in [83] that even tough the strains during post-
collapse regime are rather small, at concentrated locations they can attain quite large
values, as shown in Fig. 4.10.

In previous analyses we observed that when using an infinitesimal strains formulation
we get results that have an excellent match with the experimental determinations; to
confirm this assessment, in this paper we compare the experimental results with the
numerical results obtained under the assumption of infinitesimal strains and with the
numerical results obtained under the assumption of finite strains.

The model incorporates the following features [9],

e von Mises elasto-plastic material model with isotropic multi-linear hardening. In
Figs. 4.11 and 4.12 we show, for one of the tested samples, the experimental stress-

strain curves and its fitting using a multilinear hardening model,
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Figure 4.10: Typical post-collpase Hencky strains distribution

e contact elements on the pipe inner surface in order to prevent its inter-penetration

in the post-collapse and propagation regimes,
e nonlinear equilibrium path tracing via the algorithm developed in [11],
e hoop residual stresses modeled with the technique discussed in [6].

In Fig. 4.13 we present the finite element mesh, 8500 elements and 42,500 d.o.f, a
detail of the mesh in the [pipes — arrestor] transition which was modeled using variable
thickness elements [9] and a detail of the end-caps modeling; there are contact elements
between the end-caps and the pipes.

Figure 4.14 shows the contact pressure distribution in the third sample, immediately

after the cross-over; this Figure includes a detail of the plug cone.

4.4 Validation of the finite element results

In this section we discuss the validation of our finite element results by comparing them

with experimental determinations that we obtained using the set-up described above.
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Figure 4.13: Pipe-arrestor finite element mesh

Figure 4.14: Sample 3. Contact forces for the upstream pipe and

plug zone
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4.4.1 Exploring the finite element model

In order to explore the behavior of our finite element model, first we analyze two perfect
samples, without residual stresses. In the first one we expect the collapse buckle to
cross the arrestor with a flattening mode while in the second case, because of the higher
stiffness of the arrestor, we expect a flipping mode. That supposition is based in previous
parametric analyses, where we considered different ratios between the pipe vs. the arrestor
stiffness.

In each case we consider an imperfection, centered at a distance of 236.1 mm from

the upstream pipe end, with a shape [57],

where,

w, : radial displacement,

0 : polar angle,

A, : imperfection amplitude parameter 0.002 mm),

[ : parameter that decides the extent of the imperfection, in our case (2.32 OD),

OD : outside diameter;

x : axial coordinate.

In Fig. 4.15 we present the finite element predicted deformed shapes for a
[pipes — arrestor] system exhibiting the flattening cross-over mechanism and in Fig. 4.16
we show the predicted deformed shapes for a system presenting the flipping cross-over
mechanism.

In both cases we plot the external pressure as a function of the internal volume
variation,

Vol. displaced water (4.2)

Vol. Variation =
ol. Variation Original inside vol.

Considering the [Ezternal pressure — volume variation] diagrams predicted by the

finite element models, in each case we observe,
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Figure 4.15: Finite element results for the case presenting a

flattening cross-over

e the test starts at point “1” and while the external pressure grows the sample
maintains its perfect shape and therefore there is a very small internal volume
variation. Then the point of maximum pressure is reached (“collapse pressure”) and
the sample rapidly changes its cross-section shape; while the collapse buckle grows
in its amplitude and extension in the upstream pipe axial direction, the external
equilibrium pressure drops. At some point the collapse buckle extension starts to

grow under constant external pressure (“collapse propagation pressure” [59]),

e at “2” opposite points located on the inner surface of the upstream pipe establish

contact and afterwards, while the contact area extends, the external equilibrium

pressure increases,

e while the collapse buckle in the upstream pipe approaches the arrestor the external

equilibrium pressure keeps increasing but the downstream pipe does not collapse,
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e at point “3” (“cross-over pressure”) the collapse buckle crosses the arrestor and the

downstream pipe collapses,

e afterwards the collapse buckle propagates through the downstream pipe.

It is important to notice that in the case with the flattening cross-over mechanism the
upstream and downstream pipe have their collapsed sections with the same orientation
while in the case with the flipping cross-over mechanism the collapse sections form an
angle close to ninety degrees. It is also important to notice that the relation [cross-over
pressure / collapse pressure| is much higher for the flipping case than for the flattening

case.

4.4.2 Comparison between the finite element and experimental

results

The four samples tested in the laboratory were modeled and the
[external pressure - volume variation| equilibrium paths were determined.

In Table 2 we compare the FEM and experimental results.

Sample | Col pres. : ZEM=Limile strains | Crog5 — gver press. : ZEM=Linile strains
1 0.924 1.004
2 0.928 0.985
3 0.951 0.926
4 0.852 0.883

Table 2. Validation of the numerical results

It is important to point out that the finite element results indicated in this table were
obtained considering that the residual stresses in the two pipe sections are the residual
stresses measured in the full length pipe. The modifications in residual stresses induced
by the pipe cutting, the welding and groove machining were not introduced in the model.

The effect of the residual stresses on the collapse pressure was described in previous
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publications [6] [79] [83] [85] [88] as well as in Chapter 2. While this effect is quite
important, we found with our numerical experimentation, that the effect of the residual
stresses on the cross-over pressure is not so relevant, as shown by the model results that

we present in Fig. 4.17.
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Figure 4.17: Sample 4. Residual stresses effect on the collapse and

Cross-over pressures

In Figs. 4.18 and 4.19 we compare, for samples 1 and 2 (flattening), the experimentally
determined and FEM predicted equilibrium paths under the assumptions of finite strains

and infinitesimal strains,

e during the laboratory determination for the first sample some water was spilled out
of the measurement system, a fact that explains the shift observed, in the horizontal

axis, between the FEM and experimental results,

e for the second sample the agreement between the FEM and experimental results is

very good,

e the results obtained using FEM under the assumptions of finite and infinitesimal

strains are very close.
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Figure 4.20: Sample 2. Deformed mesh (flattening cross-over).

Equivalent plastic strains

In Fig. 4.20 we present, for sample 2, the deformed finite element mesh after cross-

over.

In Figs. 4.21 and 4.22 we present the same comparison for samples 3 and 4 (flipping).
Again, the agreement between FEM and experimental results is very good and again the
results obtained using FEM under the assumptions of finite and infinitesimal strains are

very close.

In Fig. 4.23 we present, for sample 4, the deformed finite element mesh after cross-

over.

Finally in Fig. 4.24 we compare the experimentally observed and FEM predicted
shapes for a case where the cross-over mechanism was flattening. In Fig. 4.25 we make

the same comparison for a case in which the cross-over mechanism was flipping.
In both cases the agreement between numerical and experimental results is excellent.

It is interesting to notice that in Samples 2 and 4 the plastic strains in the deformed

section knee are very high; in our case the elements were removed when the equivalent
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Figure 4.25: Sample 3. Experimentally observed and FEM
predicted shapes of collapsed pipes after a flipping

Cross-over

plastic strain reaches 100%; however more sophisticated criteria for the material damage

can be implemented [8].

4.5 Main observations

The two collapse modes reported in the literature, the flattening and the flipping mode,
were identified in our simulations.

The agreement between the finite element predictions and the laboratory observations,
both for the collapse and cross-over pressure, is very good; hence, finite element models
can be used as a reliable engineering tool to assess the performance of integral ring buckle
arrestors for steel pipes.

Regarding the use of a finite strain elasto-plastic formulation or of infinitesimal strains,
our numerical results consistently show that if the analysis purpose is the determination
of the collapse and cross-over pressures, the use of the less expensive infinitesimal strain
model is amply justified; however, if detailed information on the strain/ stresses in the
collapse buckle is sought, the more resources consuming finite strain models should be

used.
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Chapter 5

UOE Pipe Manufacturing Process

5.1 Introduction

The UOE process is used in industry for manufacturing steel pipes starting from plates
that are cold formed and welded.

In Fig. 5.6 we depict the first step in this process: the edge press where the plate
longitudinal sides are bent with a curved shape.

Afterwards, the U-press (Fig. 5.7) and the O-press (Fig. 5.8) are used to complete
the preforming of the pipe; this preformed pipe is then welded using an automatic welding
process.

To round its shape the pipe is then mechanically expanded to its final dimensions
(Fig. 5.9).

The above described cold forming process introduces residual stresses and plastic
deformations that, due to the Bauschinger effect [52], will reduce the yielding stress of
the steel for compressive loading.

Therefore, for deepwater applications, the cold forming processes involved in UOE
pipe manufacturing significantly reduces pipe collapse strength [26].

This Chapter presents a bidimensional finite element model developed to describe the

UOE process, following Tenaris CONFAB (Brazil) specifications (process and tooling) [87].

87
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This model was used to analyze the influence of each stage of the process on the material
plastic deformations, residual stresses and on the structural behavior of a 12.75” OD 0.5”
WT X60 and of an 18.0” OD 1.0” WT X60 UOE welded pipe.

Besides the numerical analysis two samples of each of the following pipes,
manufactured at Tenaris CONFAB, were tested at C-FER: 12.75” OD 0.5 WT X60,
16.00” OD 0.5” X60, and 20.00” OD 0.75” WT X80.

The 2D models of the UOE manufacturing process were developed [87] in order to,

e analyze the influence of process variables on the collapse pressure, residual stress

and geometry (mode 2 of Fourier decomposition of the pipe external surface),
e correlate the finite element results with the experiemntal ones obtained at C-FER,

e investigate the influence of the material strain hardening.

5.2 Collapse testing

Collapse testing was performed at C-FER’s collapse chamber (Fig. 3.2).

Two samples from each of the 12.75", 16" and 20" pipes were tested. Geometric
characterization was performed including diameter and wall thickness measurements.
Specimens were cut to length and flat end caps were attached by welding.

The testing procedure involved an increase of external pressure until collapse occurred.
Table 1 summarizes the specimen average ovality, residual stresses and collapse test
results. The ovality was calculated according to Eqn. 2.1, the diameters were measured
at C-FER. Collapse and propagation curves for all tested specimens as well as post-test
images can be seen in Figures 5.1 through 5.3.

The eccentricity usually is not measured in welded pipes, since they are formed from

plates and, therefore, the thickness is almost uniform.
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Figure 5.1: 20" OD 0.75" WT X80. Collapse curves and post-
collapse samples.
OD linch| | t [inch] | OD/t | Grade | Length [inch] | Ovality (%] | o [M Pa] | Pc [Mpal
20 0.75 26.7 X80 378 0.210 34.45 20.25
0.082 21.31
16 0.50 32 X60 368 0.140 26.53 14.18
0.106 14.78
12.75 0.50 25.5 X60 307 0.154 68.90 21.68
0.204 21.21

Table 1. Collapse testing summary (C-FER lab)
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5.3 Finite element model

For the numerical simulation of the UOE process, we developed a finite element model
using the Q1-P0 plane strain element, in the ADINA general-purpose code [9] [76].
The numerical model was developed using a material and geometrical nonlinear
formulation, taking into account large displacements/rotations but small strains [9].
Regarding the material, we use an elasto-plastic bi-linear material model and von
Mises associated plasticity with kinematic hardening.

The main characteristics of the material model are,

e Young’s modulus : £ = 206010 MPa,
e Poisson coefficient: v = 0.3,

e several strain hardening modulus values are considered,

0.2 % and 1.0 % of the Young’s modulus for the 12.75” OD pipe
1.0 % and 2.0 % of the Young’s modulus for the 16.0” OD pipe

0.2 %, 1.0 % and 2.0 % of the Young’s modulus for the 20.0” OD pipe.

During the collapse tests performed at C-FER the tensile / compressive hoop yield
stress was determined for fibers located close to the OD and ID respectively.
We use as the yield stress of the unstrained material for each pipe,

oy== (0, +0, +0, +7,)

RS,

Where,

7.1 tensile test, ID location

o, . compressive test, ID location
o1 tensile test, OD location

o, : compressive test, OD location
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Figure 5.5: Plate: actual process and FE model.

Figure 5.4 shows the stress-strain curves obtained at C-FER and the 1.0 % strain
hardening adopted for the numerical model for each pipe.

The forming tools are modeled as rigid bodies and we use a sliding node contact
algorithm to simulate the contact between the tools and the plates [76] [87]. Symmetry
conditions are considered for the model. Figure 5.5 shows the plate at the beginning of
the process and the finite element mesh.

The geometry of the tools was provided by Tenaris CONFAB.

5.3.1 Tooling

The first step of the manufacturing process is the Edge press. During this stage, the
upper tool is fixed and the lower tool is moved in the vertical direction. Figure 5.6 shows
a picture of the actual process and the finite element model.

Then the manufacturing process continues with the "U" press, where the plate is
turned into a “U”. In Figure 5.7 we can observe the following stages,

(a) the upper die ("pear") moves down in the middle of the plate and pushes it to
contact the roller,

(b) the pear and the base go down together, keeping a distance of one plate thickness
between them,

(c) the roller starts moving to the symmetry axis,
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Figure 5.6: Edge press: actual process and FE model

(d) the pear moves to its limit and the load is released; then the plate is formed into

an “U” shape.

The “O” press applies a circumferential compression to form an “O” from the “U”

obtained in the previous stage (Fig. 5.8). To achieve this, two semi-cylindrical dies press

the “U”.

To simulate, in the finite element model, the welding at the point of maximum
compression, the pipe is fixed at the symmetry axis. Finally, a radial expansion is applied
in order to obtain the final shape of the pipe. An internal mandrel with expansion
segments is simulated. The segments move in radial direction, and provide the expansion

required to obtain the nominal perimeter when the load is released (Fig. 5.9).

Figure 5.10 presents the evolution, along the UOE process, of the accumulated plastic

strains for a 16”7 OD 0.5” W'T X60 pipe.
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Figure 5.7: U press: actual process and FE model
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Figure 5.8: O press: actual process and FE model.
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Figure 5.9: Mechanical expansion after welding: actual process

and FE model

Figure 5.10: 16” OD 0.5” WT X60. Accumulated effective plastic

strain evolution [%)]
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5.4 Description of the evaluated pipe characteristics

The parameters to be analyzed to compare the 2D FEA model with measured results are

geometry (mode 2 of Fourier analysis), collapse pressure and residual stresses.

5.4.1 Fourier analysis and determination of mode 2

Fourier analysis of the resulting OD shapes obtained with the numerical simulation of the
forming process is performed by using Fourier decomposition, as described in Appendix
A. The position of the nodes on the outer surface is used as initial data.

We choose the second mode as geometrical description parameter because, as it was
established in Section 3.2, the value of the second mode is quite different (lower) from
the ovality measured with a standard API ovalimeter. The imperfection that controls the
value of the collapse pressure is the second mode.

Figure 5.11 shows mode 2 distribution along the two samples for each pipe.
These mode distributions were obtained from the measurements performed with the
"shapemeter" [6] at Tenaris Siderca Full Scale Laboratory.

It can be observed that the distribution is not uniform, therefore it is difficult to
compare the actual second mode of the pipes with the value obtained with a bidimensional

model. The comparisons are done considering an average value for each sample.

5.4.2 Residual Stresses

A ring splitting test [6] was simulated after the forming process.
The residual stresses are calculated as it was explained in Chapter 2. The ring splitting

tests were also performed at C-FER.

5.4.3 Collapse Pressure

A collapse test is now simulated on the result of the UOE forming model. The results

of the collapse testing done at C-FER are listed in Table 1. In a second analysis, the
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external collapse pressure values are obtained from pipes with the same geometry but
without any residual deformation or stresses; these analyses are aimed at the evaluation
of the degradation of the external collapse pressure induced by the UOE residual stresses
and plastic strains.

An evaluation of the second mode of the Fourier decomposition, residual stresses and
collapse pressure is done as a function of the compression strains applied by the "O"
press. The applied expansion depends on the applied compression, because the final
external tube diameter has to be the nominal one. Taking into account the final shape
obtained with the 2D model, the compression rate is calculated with the formula,

OP,—OPg

where,

C'R%: compression rate [%]

OPy: outside Perimeter measured as the sum of node to node distances, after O press.

OPpg: outside Perimeter measured as the sum of node to node distances, before O
press.

Figures 5.12 to 5.14 show the mode 2, residual stresses and collapse pressure curves
for the 20”, 16.0” and 12.75” OD pipes, respectively, as a function of the compression
rate applied during the "O" press stage. In order to evaluate the detrimental effect of
the UOE process on the collapse pressure, it is numerically calculated for pipes with the
same external geometry obtained in the numerical analysis but considering the material
without any strain history (virgin material). The figures also show the experimental
results obtained at C-FER and the average second mode values, as described in the

previous section.

As it can be expected from the discussion in Chapter 2, the results of the 2D models
do not present an acceptable correlation with the experimental tests; however, these 2D
model results can be used to qualitatively explore the effect of the process variables,

The material hardening does not have an important effect on the mode 2 amplitud
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Figure 5.12: 20.0” OD 0.75” WT X80 tube. Mode 2, residual
stress, collapse pressure and collapse pressure of the

virgin material.
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Figure 5.13: 16.0” OD 0.5” WT X60 tube. Mode 2, residual stress,

collapse pressure and collapse pressure of the virgin

material.
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Figure 5.14: 12.75” OD 0.5” WT X60 tube. Mode 2, residual
stress, collapse pressure and collapse pressure of the
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Figure 5.15: 20" OD 0.75" WT X80. Collapse pressure-

detrimental effect

nor on the collapse pressure but the residual stresses are quite sensitive to this material
parameter. The fact that the sensitivity of the residual stresses is high and the sensitivity
of the collapse pressure is low can be explained considering that we are dealing with pipes
having a large (OD/t) ratio.

The increase in the compression rate highly improves the shape of the pipes and their

collpase pressure.

Also, it can be seen that the difference in the collapse pressure, between the
unstrained material model and the ‘as built’ material model of the tubes, diminishes
as the compression rate increases for all cases. This conclusion was also discussed in [41].
Figure 5.15 shows in a more detailed way the detrimental effect of the UOE process on
the external collapse pressure, for a 20" OD 0.75" WT X80 pipe and also the benefitial

effect of increasing the compression ratio.

Additional analyses were done considering a 16" OD 0.5" X60 UOE pipe and
Hardening 1%. Each [Collapse Pressure vs. Expansion rate] curve shown in Figure
5.16 was built for a given compression rate value and varying the expansion rate. These

analyses are different from the ones shown above because the final diameters are obtained
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Figure 5.16: Influence of the compression and expansion rates on

the collpase pressure

as result of the process.

5.5 Parametric analysis aimed at tooling design

In Figure 5.17 we present the perimeter before the expansion, that we obtained numerically
for a 20" OD 1.0" WT X70 pipe, varying the original plate width and L1, which is the
length of the rigid tool that separates the superior die from the inferior one, in the "O"
press. We can see here not only the influence of the initial plate width in the shape of the
pipe but also the influence of LL1. When L1 increases, increases also the no bent region;
when L1 is higher than a certain value (the maximum of the curves in Fig. 5.17) , the
influence of the no stretched fibers is more important than the influence of the stretched

ones; therefore, the perimeter decreases.
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Figure 5.17: 20" OD 1.0" WT X70. Parametric analyses of L1, O

Press

5.6 Main observations

We developed a bidimensional model to describe the UOE process, following Tenaris
CONFAB specifications (process and tooling). This model is a very useful tool not only
to analyze the influence of each stage of the process on the material plastic deformations,
residual stresses and on the structural behavior of the pipes but also for tooling design,
improvements in the process, etc.

One very important conclusion from this study is that the deterioration of the collapse

pressure diminishes as the compression ratio increases, conclusion also presented in [41].



Chapter 6

Large strain shell elements

6.1 Introduction

In 1970, Ahmad, Irons and Zienkiewicz presented a shell element formulation that after
many years still constitutes the basis for modern finite element analysis of shell structures
[1]. The original formulation was afterwards extended to material and geometric nonlinear
analysis under the constraint of the infinitesimal strains assumption, [10] [46] [64].

The fundamental features of the A-I-Z shell element are,

e using isoparametric interpolation functions the displacements inside the shell
element are interpolated from three displacement-d.o.f. and two rotation-d.o.f. at

each node,
e the interpolated generalized displacement fields present C'° continuity,

e the element is not based on any plate/shell theory but it is a continuum element

incorporating several assumptions that we list below (degenerated solid element).
Kinematic and constitutive assumptions,

e a straight line that is initially normal to the mid-surface remains straight after the

deformation,

107
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e a straight line that is initially normal to the mid-surface is not stretched during the

deformation,

e the through-the-thickness stresses are zero.

It is important to remark that the second assumption precludes the consideration of
finite strain deformations.

Even tough the A-I-Z shell element was a breakthrough in the field of finite element
analysis of shell structures, it suffers from the locking phenomenon and much research
effort has been devoted to the development of A-I-Z type elements that do not present
this problem [9] [14] [15] [21] [90] [91].

The MITC4 shell element [12] [13] [30] which was developed to overcome the locking
problem of the A-I-Z shell elements has become, since its development in the early eighties,
the standard shell element for many finite element codes. However, the limitation of
infinitesimal strains is still present in the MITC4 formulation.

Many researchers have developed shell elements that can model finite strain situations,

among them,

e an early contribution by Rodal and Witmer [66], where after the displacement
calculations the shell element thickness is updated neglecting the elastic strains

and invoking the incompressibility of the plastic flow,

e in 1983 Hughes and Carnoy [43] developed a finite strain shell element for the
Mooney-Rivlin material model which uses a plane-stress constitutive relation for the

laminae and updates afterwards the thickness via a staggered iterative formulation,

e Simo and co-workers [68]- [73] in the period 1988-1992 developed a complete 3D

nonlinear shell element formulation,

e Ramm and co-workers [16] [20] developed 3D shell elements considering also

through-the-thickness stretching.
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In 1995 Dvorkin, Pantuso and Repetto developed the MITC4-TLH element,
that based on the original MITC4 formulation can model finite strain elasto-plastic
deformations [28] [36]. This element imposes the condition of zero transversal stresses
and its computational cost is rather high.

In this thesis we present an element that is also based on the MITC4 formulation and
can efficiently model finite strain deformations using a general 3D material model: the
MITC4-3D element.

The most relevant differences with the original MITC4 formulation are,

e for each quadrilateral element we have 22 d.o.f.: 5 generalized displacements per

node plus 2 extra d.o.f. to incorporate the through-the-thickness stretching,

e we use a general 3D constitutive relation instead of the original laminae plane stress

constitutive relation,

Our objective is to implement the new MITC4-3D element for elasto-plastic finite

strain deformations. We achieve this objective in two steps,

e first we explore different hyperelastic formulations for modeling the elastic behavior

[82],

e second we implement an elasto-plastic formulation considering metal plasticity.

6.2 The MITC4-3D formulation

Some of the basic features of our MITC4-3D element are,
1. the shell geometry is interpolated using mid-surface nodes and director vectors.

2. the nodal displacements and transverse shear strains are interpolated using the

original MITC4 formulation [30],

3. for interpolating the director vectors special care is taken to avoid spurious director

vector stretches [39] [68],
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Figure 6.1: Reference (¢ = 0) and spatial (¢t = 7) configurations

4. two additional degrees of freedom are considered to include a linear thickness
stretching. These thickness-stretching degrees of freedom are condensed at the

element level,

5. the elasto — plastic formulation is developed following the work of Simo and co-
workers [71] : multiplicative decomposition of the deformation gradient tensor and

maximum plastic dissipation (associate plasticity),

6. special consideration is given to the formulation efficiency.

6.2.1 Shell element geometry in the reference configuration

Following the MITC4 formulation we define, in the reference configuration, nodes on the
shell mid-surface and at each node we define a director vector which represents, at that
node, an approximation to the shell mid-surface [27].

Therefore, defining inside the element the natural coordinate system (r,s,t) [9], for

the element shown in Fig. 6.1 with constant thickness we can write,
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t
°z(r,s,t) = hy(r, s) °z), + 3 °da (6.1a)

where [68] [39],

hy(r, 5) OZZ
||, 5) V|

°d = (6.1b)

and,
hi(r, s) : isoparametric 2D interpolation functions [9],
°x; : k-node position vector,
a : constant element thickness.,
"Zﬁ : k-node director vetor; with HOZZH =1.

In the above equations and in what follows we use the summation convention.

6.2.2 Shell geometry in the spatial configuration

For interpolating the spatial geometry in the 7-configuration, Fig. 6.1, we use,

a5, 0) = bl ) ", 45 (At "ht) Tda (6.22)

hk(n S) TK’;
[Py ) V20|

4= (6.2b)

For the director vectors in the spatial configuration also HTZQH =1.

In Eq.(6.2a) ")\, is a constant thickness stretching and 7 \; is the through-the-thickness
stretching gradient.

In our formulation the element d.o.f. "\, and "\; are discontinuous across element

boundaries and they will be condensed at the element level.

6.2.3 Incremental displacements

The incremental displacements to evolve from the 7-configuration to the 7 + Ar-

configuration are,
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I
I

T+AT£ T (63&)

1=

u(r, s,t) = hy(r,s) w (6.3b)
hk (T’, S) T+ATKZ

+ Tha(r, 3) 7370A]|

a ("o +AXo+ "N\ t+ AN 1)

hi(r, s) TZZ
|| 5) TV

N+ N+

a (T)\O—l- T)\lt)

In the above, "T27\, = "\, + A), and 7tATA = TA; + A

For the director vector rotations we can write [35],

T+ATKZ — :+AT§ . TKZ (64)
with,
in 0 1 (sin(0:/2)\° 2
AR o Tk gh o (ELURE N gk 6.5

being [ 5 18 the second order unit tensor.

We use the base vectors (TK’f; vk TKQ) defined as,

e, X V3
72, x "V

vk _ TY/k TY1/7k
Vo = TV, x TV

‘I‘Klf —

where "¢, is the y base vector at time 7 of the fixed cartesian system in Fig. 6.1. For the

case "e, X vk =019,

= Qz
v [

Also,



113 Large strain shell elements

1
2

0, = (Ozz + 5,3)

0 0 B
[OF]=]0 0 —a
=B g 0

From Egs. (6.4) and (6.5) we get [35],

1
TATVE = TV - VS 4 BTV -5 (af 4 B)) LS + hot

Hence,
o= bty W fV’“H ("Ao+7 M 1) b (o "V + B, V)
_i m ("X +7 M ) b [(an)® + (8,)7] "VE
% m (Ao + AN £) By, TV
% m (Ao + Ay 1) hy (—ag "VE + 8, V5
T (B AN B [0+ (3] TV ot

where, to simplify the previous expression, we made the approximation,

([ AV 2 o T

(6.7)

(6.8)

It is important to highlight that the above approximation is only considered in the

step linearization; hence it only affects the tangent stiffness matrix and not the calculation

of the stresses at (7 + A7) .

The terms that include the linear and second order incremental displacements are,
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t a’ T T T T

U = hk Uy + 5 W ( )\o + )\1 t) hk; (—Oék Kg +ﬁk K]f) +
t a
- (AN + AN t) By TV 6.9
2 HhkTKkH ( + 1 ) kE Yp ( a)

_ _E a T T 2 2\ T1/k

Uy = 1 —‘ |hk TKI;:LH ( )\O + )\1 t) hk (Oék + /Bk‘) KTL (69b)
t a T T

W= A (AN + AN t) by (—ay TVE + B, 7VE) (6.9¢)

6.2.4 Strains interpolation

Depending on the constitutive relation under analysis, we use the Hencky or the Green-

Lagrange strain tensor. For both, the transverse shear strains are interpolated using the

original MITC4 formulation [30]. The Hencky or logarithmic strain tensor is JH = In] U

[31] and JU is the right stretch tensor. To interpolate the transverse shear strains they

must be expressed in the convective natural coordinate system.

Hencky strain tensor

We can write the Hencky strain tensor as,

TH — Tﬁij o’gi o”gj

o= " o

where,

=
o
osi
9
reference configuration,

OE g’ : tensor product of the two contravariant base vectors [31].

(6.10)

H;; : covariant components in the element natural (convective) coordinate system,

: contravariant base vectors of the element natural coordinate system in the

We use, following the MITC4 interpolation [30] for the in-layer strain components,
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Figure 6.2: Sample points for the MITC4 transverse shear strain

interpolations
~ r ~ 71DI
o = |0Hpr (6.11a)
~ - ~ ; DI
ZHSS - ZHSS (611b)
~ - ~ - DI
"Hy = |TH,| . (6.11c)

DI
In the above equations [ZH”} are the strain components calculated from the
displacement interpolation. In the same way, for the through-the-thickness strain

component we use,

A ]Dl (6.11d)

s = [3Hy
and using the sample points indicated in Fig. 6.2 we interpolate the transverse shear

strain components using the standard MITC4 interpolation,

_ 1 _ DI ] _ DI
iy = 5 (1+s) [gHr,ﬁ} +5 (1-9) [g ﬁ]c (6.11¢)
~ 1 _ DI 1 _ DI
ot = 5 (1+7) [ZHst]D +3 (1—r) [Z St}B . (6.11f)

. DI
[ZHij] ; are the strain components calculated from the displacement interpolation
P

at the sampling point “ SP”.
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Green-Lagrange strain tensor

In the same way, when we use the Green-Lagrange strain tensor,

ve= 15 °0 ¢ (6.12)

where [¢;; are the covariant components in the element natural coordinate system,

Ew = [l (6.13a)
B = (sl (6.13b)
Ers = [oErsl (6.13¢)
Tn = [Eu”" (6.13d)

and using the MITC4 interpolation we calculate the transverse shear strain components,

~ 1 - 1 ~
e = 5 (1+9) [GEnla’ + 5 (1=5) [FErile (6-13¢)
_ 1 . 1 -
B = 5 (1+7) [Ogst]gf+§ (1—7r) [Za5" . (6.13f)

In the above equations [gaj]g]{, are the strain components calculated from the

displacement interpolation at the sampling point “ SP 7.

6.3 Hyperelastic formulation

6.3.1 Constitutive relations

The shell element formulation developed in this thesis is a fully 3D formulation since the
in-layer plane stress hypothesis used in the original MITC4 formulation was not invoked.

There are many hyperelastic constitutive models available in the literature [58]. In
order to explore the differences in their responses we implemented, for the new MITCA4-
3D shell element, three hyperelastic isotropic constitutive relations and we analyzed their

responses for a number of finite strain cases.
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Hooke’s law relating 2"¢ Piola-Kirchhoff stresses and Green-Lagrange strains

In this case the elastic energy per unit volume of the reference (7U) configuration is defined

as [31],

1
ZUZE £:C: g (6.14)
where Je is the Green-Lagrange strain tensor [31] and C is the isotropic Hooke’s
constitutive fourth order tensor [31]. -
Using the Doyle-Ericksen formula [31] we get,
S=C i (6.15)

where 7S is the second Piola-Kirchhoff stress tensor [31].

Hooke’s law establishes a linear relation between the deviatoric parts of the stress and
strain measures and a linear relation between their hydrostatic parts. It should be noticed
that, in this case, since for finite strains the hydrostatic part of the Green-Lagrange strain

tensor does not represent the volumetric strain, the physics in Eq. (6.15) is not obvious.

Compressible neo-Hookean model

We use the neo-Hookean model formulated in [71] where the elastic energy is split into a

volumetric and a deviatoric part,

U= TU("T)+ TU(TD) . (6.16)
In the above,
°p
] = Z 6.17
o (6.17)
o= ("J)37h (6.18)

The second order tensor ;X is the deformation gradient tensor;
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h=7X - 7X T is the Finger strain tensor and (°p, 7p) are the densities in the reference
and spatial configurations respectively. In Cartesian coordinates ™.J = det [7X] [31].

For the terms in Eq. (6.16) Simo and Hughes use [71],

1 1
U("JT) = 3% |3 ("J?=1)—=In("J) (6.19)
(D) = 5 G [r(D) 3] = 5 G [1r(7T) 3] (6.20)
where,
T= Ui X
and,
- B (compressibility modulus) (6.21a)
K = 51— 20) mpressibility modulu .
E
G = m (Shear modulus) (621b)

being E the Young s modulus and v the Poisson s coefficient.

Hence, using the Doyle-Ericksen formula and doing a push-forward [31] we get,

dU,
dJ

oTg+2d X - —F - TX 6.22
0 g GU[O: 8C|0 o:] ( )

TI: ‘I'J

where 77 is the Kirchhoff stress tensor [31].
In this case the relation between the hydrostatic component of "7 and the volumetric

stretch 7.J is explicit.

Hooke’s law relating the Hencky strain tensor and its energy conjugate stress

tensor

In this case the elastic energy per unit volume of the reference configuration is defined as,

1
U= TH : (6.23)

[l
5
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where (' is the isotropic Hooke’s constitutive fourth order tensor.
For an isotropic elastic material the stress measure energy-conjugate to the Hencky
strain tensor is JI' with,

1J

T = [TR* (V)] (6.24)

in the above equation [R*(r)]"’ are the rotational pull-back of the contravariant
components of the Kirchhoff stress tensor [31].

Using the Doyle-Ericksen formula we get,

L=C: H. (6.25)

It is important to notice that the hydrostatic part of the Hencky strain tensor is
the logarithmic volumetric strain; hence, in this case the linear relation between the
hydrostatic component of 7I" and the logarithmic volumetric strain has an obvious physical
meaning.

For this constitutive relation we use the interpolations shown in Egs. (6.11a) - (6.11f).

The behavior of the considered hyperelastic models

In order to explore the response that we can expect from the considered hyperelastic

models, in Fig. 6.3 we analyze a simple plane-stress tension test.

It is obvious that except for very small axial displacements (infinitesimal strain
situation) the three material models provide different responses, being the response of
the first material model the most different while the responses of the other two models
are close.

When dealing with a specific material only a laboratory test can indicate which
hyperelastic law is the one that best approximates its behavior.

For metals undergoing finite elasto-plastic deformations, laboratory tests performed

by Anand [2] indicate that using the standard values of the Young modulus and Poisson
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coefficient (the ones determined in small strain lab tests), the Hooke’s law relating the
Hencky strain tensor and its energy conjugate stress tensor provides the results that best

approximate the actual material behavior for moderate elastic strains.

6.3.2 The incremental formulation

Using a total Lagrangian formulation we can write the Principle of Virtual Work for the

equilibrium configuration at 7 + A7 [9],

/ 70'+ATSIJ 5 7O'+AT€[J °dV = T+ATR (626)
oy

where "FA7R is the virtual work of the external loads acting on the solid body in the
T + A1 —configuration.

Now we can write [9],

;’-l—ATSJJ — 251.]_’_ OsIJ (6273)
TATer = Terr+ ofLs (6.27b)
€17 = o1yt oy - (6.27¢)

In the above equations ,S'/ and ,e;; are incremental quantities; ,er; is the increment in
the Green-Lagrange strain tensor, linear in the incremental displacement and ,7;; is the
nonlinear increment.

Using an incremental constitutive equation,

OSIJ - OCIJKL ofKL (628)

we get the linearized incremental equation,

/ OCIJKL oCKL 5061J OdV + / ZSIJ (5 oMy OdV = T+ATR— / ZSIJ (5 o€CIJ OdV .

OV OV OV
(6.29)
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In what follows we develop Eq. (6.29) for the three hyperelastic material models

considered above.

First case: linear relation between 2"? Piola-Kirchhoff stresses and Green-

Lagrange strains

We transform the components of the fourth order Hooke’s constitutive tensor from a
Cartesian system, with base vectors °e,,, to the natural coordinate system, with covariant

o~ .
base vectors g,, using,

CoBd 0p o es °e, “e; = ikl Oi- Oﬁj ogk ogl ) (6.30)

167

Hence,

LS = Gk F = GRS+ o) (6.31)
and the linearized incremental equation is,
/ CM &1 8ofi; °dV —l-/ rSi 0ol *dV = HATR_/ 75 8,8 °dV . (6.32)
OV oV OV

In order to develop the stiffness matrices, we analize the different terms of this

expression.
T 1 T T 0~ 0~
ofij = 9 (gl YT 9 2]> (6.33a)
1
T+AT™ T+AT T+AT ~ ~
THATE 3 (* g - g Ogj) (6.33b)
where,
. OTATy 0 _ ou
T+A‘rg — - = (0z +Tu+u) _ Tg. + _ ' (634)

=4 87“1' or i
Replacing (6.34) in (6.33b),
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1 ou ou
TH+AT~ T~ T~ 0~ 0~
i = 5 -+ . =] = o . 6.35
o €ij 2 ( gz 67,1) ( gj 87“]'> gz gj ( )

From Eq.(6.27b),

ofij = o Eij T ofij

then we get the total increment,

Ou Ou  Ou ag) . (6.37)

- 1 [~ o
0% =5 ( gi or; g or; + or;  0Or;
Refering to Eqs.(6.9a)-(6.9¢), we can calculate the linear increment o€;; and the non-

linear increments o7, ;,

- 1 T aul T~ aul

o%_Q(&‘mﬁ-%-%> (6.38)
- 1 Ou;, Oy
0"1,ij B (9—73 ar, (6.39a)
- 1 (.~ Ouy ~ Ouy

.. — a [ —— T . — . b
0712,i5 9 ( 9; 8rj + gj (9’/“,) (6 39 )
- 1 T aﬂ3 T aﬂg
073,45 2 ( 9; 87”j + 2]» aﬁ) . (6.39C)

Therefore, the total non-linear increment and its variation are,

ofij = oflij+ ol T 073
0oMi; = Ol + Oofas; + 0oz -
The equilibrium equation for the linearized incremental step, from time 7 to 7 4+ AT,

and considering Total Lagrangian Formulation, is formulated as,

(0B Ny + 0K,) U= AR~ TE.

We calculate each matrix and the nodal equivalent force vector in the following

apparts.
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Linear matrix (K ; and the vector of nodal equivalent forces "F Defining | B as

the strain-displacement matrix, the linear increment results,

Ong - z)-B(vw)y Uy (641)

where the matricial form is,

(6.42)

with [ B a (6x22) matrix.
Being ¢y;; = 2 o€, the linear increment array is,
T _ s s == o
e = [067 0€ss; 0€tty 07 rsy 07 rt Ofyst] :

The total amount of the elemental unknowns is 22.

u = [Ul, V15 Wi; 05 51; Uz; V2; W2y (; 52; Uug; U3; ws; 3, 53; Ug; Vg; Wy, Qg 54; AN; A)\J

We define 3 matrices: H, Vo, MV, and MV, ,, whose expressions are developed
in Appendix B.
Therefore, considering Eq. (6.9a) and the matrices mentioned above, we get the

following expression to calculate u,,

t a T T
u, = H, l+§ m (Ao +" A t) Vg + MVn]| U (6.43)

where [ is the unit matrix of (22x22).

In order to simplify the algebra, we call,

1 1

— — 44
T V| VT, 7 (644)

S

T

and calculate its derivatives,
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of 1

o= =5 (L, L) L, T 2
af T T -3 T T
o= (L, L) (e ) L)
of 1 k
L, — Y h/ T‘TKn ’ TKTL
or || 7k TKZH?) (e )
of 1 k
[ h S TV . TKTL :
" e

We rewrite Eq. (6.43),

t
uy = H, [l‘i‘ 3 af [(Ae+"Mt) Vi, +Mn]] U

ar

Hy [$a 5t [(Ao+" M t) Vip+ MV,J]
Ou,
— — M
or M, U
du, ) Hoy [I+5af [+ Mt) Vip+MV,]] +
Os Hy [Ea 2 [(h+7 M t) Vip + MV, ]
- = M
0s M, U
ot 2 -
aul —
—— = M .
ot M, U

From Eq. (6.42) and (6.48a) to (6.48¢c),

Ouy { Hy, [L+5af [(A+"Mt) Vip+ MV,]]+
of
or

¥
fo

(6.45)

(6.46)

(6.47)

(6.48a)

(6.48b)

(6.48¢)
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Og’rr
Ogss
Ugtt
O;\Y/rs
0577“15

07 st

The dimension of the matrices §B,; is

g M, U= B, U (6.492)

g M, U= B, U (6.49D)

5, M, U= B, U (6.49¢)

2060 = (g, M, +7§, M,) U= §B,, U (6.49d)

206 = (74, M, +7§, M,) U= {B, U (6.49¢)

2 g5 = (Tgs M, +" g, ﬂ) U= {BsU (6.49f)
(1x22).

In each Gauss point, the shear strain components gert and ¢&y are interpolated

according to,

T~
fo) gT't

T~
o

Therefore,

TB

0=rt

TB

0==st

From Eq.

5 (1 5) [+ 5 (1= 5) [ (6.500)
5 (L) [Fal2 +5 (1= [ (6.50b)
S0+ [iB)) +30-9 [B], (6.51a)
2 0= A 2 0=rt C

%(Hr) [SESJD +%(1—r) [SEst]B . (6.51D)

(6.49a) to (6.49d), (6.51a) and (6.51b) we get the linear (6x22) matrix 7B.

TB

0=rr

TB

0=ss
D Tﬁtt

0B

0=rs

(6.52)

-
OBM

-
Oﬁst i
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Finally, we get the following expressions for the linear stiffness matrix j/; and the

force vector "F,

~T ~ ~
ol = / y 0B C BV (6.53)
F = / ;B SV . (6.54)
oy

Non-linear matrix jK ;; The non-linear increments (7,, are calculated taking into

account the matrices obtained in.(6.49a) to (6.49f),

~ 1 Ou; Oy

0155 = 53—7”] ’ ari

G = 5 UT M MU =5 U AU
Sy = 5 (U7 A, U+UT A, 00)
doMyyij = %5_UT (Z-FZT) Q

Soliyij = %LTM _—5UT M, U

—~— ~ ~T ~ ~
where M,;; = A;; + A;; . Please note that, in a general case, A;; # A,.
We call,
~NL1 1 ~

Sﬁzj B M (6.55)

Taking into account that, in each Gauss Point, 7,,,; and 7,,s; must be interpolated,

we have,

By = 5 B s+ B - s) (6.560)
Bt = % :Téjfﬁf (1+45) + Bpo (1—3): (6.56b)
By = 5 B e+ BLs ) (6.56¢)
sBL = 5 B (4n) + Bk () (6.564)
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Finally, we get the non-linear matrix g K vy ;,

~ _~NL1 ~ . _~NL,1 o  ~NL1 ~ ~NL,1 ~NL,1
EKNL,l - / E)-STT gﬁm‘ + ZSSS gﬁss + ;’S33 ‘[I)-Ett + ZSTS (gﬁrs + gﬁsr >+
oy
~ ~NL,1 ~NL,1 ~ ~NL,1 ~NL,1
2S5 (3B, 0By ) + 0SBy + 5By )] %dv. (6.57)
Non-linear matrix ¢K y;, From Eq. 6.9b and 6.44,
t
uy = =7 0 f (Aot" M t) Iy (af + B7) TV .
We can write,
673
ap + % = [ Qg ﬁk}
B
Hence, the displacement derivatives are,

ou, I T 13 , , of . Q,
8_7“2 = | ap B, (_Z) a("Ao+" A1 t) (hk,'/‘f‘i‘a hk) v

- B
ou r T t . . of . Qg
a—; — o ﬁkz (_Z> a ( )\o+ )\1 t) (hkﬁf—i‘% hk> KZ

- By
ou r 7 1 Q
8;; = | 5 (‘Z) af(Tho+27 A t) by TV 5

i i k

~2
We build (22x22) matrices §3;; with rows and columns according to the previous
formulas, and taking into account Eq.(6.39b). Please note that these matrices have non

zero numbers only in correspondance with the degrees of freedom oy, and 3,
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~ ~2
oNosrr = QT Z)-Brr Q
~ ~2
072,88 = QT Sﬁgs Q
~ - ~2
oMot = QT Oﬁtt Q
~ 52
077277'8 - QT 057‘5 Q
~ - ~2
0f2srt = QT B U

~ =2
0ot = U §B, U.

We calculate the variations,

~ ~ ~ ~2.T
ooy = UGBy U+ UT 5By oU = U™ (3B +3 By ) U
- ~NL,2
50772,@' = (5_UT gﬁzj u
NL,2 ~NL,2
ij

being SE 0B

0 Lji
For the interpolation of the transverse shear strain components the calculations are

similar to those shown in Eqs. (6.56a) to (6.56d).

Finally, the matrix { K v o 18,

~ ~NL,2 ~ ~NL,2 ~ ~NL,2 ~ ~NL,2 ~NL,2
T _ TQrr T ) T QS8 T ) T Qtt T ) T Qrs (T ) T ’
OKNLQ - / [ OS Oﬁrr +o S OESS +o S OEtt +o S (OE’I‘S +0 ﬁsr ) +
%

~ ~NL,2 ~NL,2 ~ ~NL,2 ~NL,2
oS (5B, 6B, ) 45 8" 3By T 5By )] %AV (6.58)

T

Non-linear matrix jK ;5 From Eq. (6.9c) and (6.44), we get,

t
g =g af (AN + AN 1) by (—ap V5 + 5, V)
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ou t 0

8;; = 5a (AN, + AN ) (a—f hi, + f h;w) (—au, "V + 8, TV
9 t 0

T2 = 30 B +AND (a—f b+ f h) (—ox V5 + 3, V)
Ous 1 ik ik

=L = gl (A +28M1) hy (—ap V5 + B TVY)

To simplify, we define the following expressions,

~ t 0

A, = 3a <a—£ he + f hk>
~ t 0

Ass - 5 a <a_£ hk + f hk,s)
~ 1

Att = 5 a f hk .

We rewrite the derivative expressions,

ou A T T

52 = (AA AN Ay (—a VS + BTV
ou n T T

T2 = (Ah AN Ay (—a VS + BTV
8 ~

% = (AN +2AN 1) Ay (—a TVE+ 5, 7VY)

We proceed now in a similar way as we did to calculate §K .. We build (22x22)

~3
matrices §B;; with rows and columns according to the previous formulas, and taking
into account Eq.(6.39c) Please note that this matrices have non zero numbers only in

correspondance with the degrees of freedom ay, 3;, A\, and A\, .
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g = UTIB U
Ty = UTIBLU
Ty = UT 1B, U
oTyws = UTIB U
g = UT B, U
g = UT1BLU.

We calculate the variations,

doilsy; = UGB, U+ UGB, oU=oU" (3B, +3 By ) U
. ~NL,3
50773>ij = 5_UT SEU Q

. ~NL,3 ~NL,3
being gﬁzj = S—ji

For the interpolation of the transverse shear strain components the calculations are
similar to those shown in (6.56a) to (6.56d).

Finally, the matrix §K v 5 is,

~NL,3 ~NL,3

~ ~NL,3 - Tss T ~NL,3 ST ~NL,3 S ’ -
EKNLB - /V [ Z)—STT Z)—Err + OSSS OESS + oStt Oﬁtt + OSTS (OETS +0 Esr ) +
Tt T ~NL,3 - ~NL,3 st T ~NL,3 - ~NL,3
oS ! (Oﬁrt + OEtr ) + oS ! <0§st + Oﬁts )] Odv . (659)

Second case: compressible neo-Hookean model

We have to find the incremental constitutive relation between the components of the

Second Piola Kirchhoff and Green Lagrange strain tensors,

OSIJ - OCIJKL o€KL (660)

The Green Lagrange strain second order tensor is defined in the reference configuration

as [31],



Large strain shell elements 132

1

= 3 (s -9) (6.61)

where 7C' = 7XT . TX is the Green strain tensor and g is the reference configuration

metric tensor.

From Eq. (6.61),

9 Cpq
0 EpPQ

b=2. (6.62)

Therefore, the components of the incremental constitutive tensor can be calculated

from,

CLMPQ _ aSLM ’T aSLM “r 6CPQ ’T
© 8CPQ 0 &‘EPQ 0

Oe PQ

with no addition in repeated indices.

asLM
LOMMPR — 9 6.63
9Crg (6.63)

The above derivative is calculated using Serrin formula [31],

o0 T)\2 gg_ (7-]10 - 7-)\124) OQJV TISC 7—)\22 gg—l
—AsAT A 27AY = TIONY 4 IS TN

(6.64)

being @, the eigenvectors of the second order Green tensor ;C and ")\% its eigenvalues,
with no addition in A.

The igenvalues "% are the roots of the following polynomial [31],

p((A)) = ="M + "IN — TIS TN 4 TIS (6.65)

Taking into account that, for the case of isotropic elasticity, 7.5 and 7C are colinear

tensors, 7S can be written as,

S=1519,0, (6.66)

0=
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Cim — (Y =7 A7) °gim + "I§ TN 5C
27A] — TIC N + TIS TA?

TGLM _ Tgl [TA%O (6.67)

in the above,

gl = {g (TJ2 _ 1) e (Tj)fz/g < AT Alr )‘IH):| (6.68a)

TA% 3
;—SH = — kK ( T2 _ 1) LG (Tj)fz/g ATr Al Alir (6.68b)
A L2 3
T2 T\2 72
TGHI — T)\12 l g (TJ2 _ 1) e (TJ)—2/3 (2 AT 3)\1 AH” (6.68¢)
111

where 7 ST are the eigenvalues of S calculated using Eq. (6.22) and doing a pull-back [31],

while "I¢; TIS; TIS are the invariants of 7C,

o=t (50) (6.69)
e = % (1) = (5] (6.70)
TI§ = det(;C) (6.71)

7J = det ( oX ) gives the local volume change. Provided that "A; are the eigenvalues of
7 X, itis TS = TAr TArr T

From Eq. (6.67), and to simplify the algebra, we call,

7Coy — (TIF = 7AT) g+ IS TA2 IO

oCrLa,” Ar) = 6.72
f(o LM I) 2 T)\j_l _ lec )3 + TI3C' 7—)\1—2 ( )
So,
nSIM = §STTAT F(CLa,” Ar) (6.73)
0S8tM o051 O\
9000 = 5o N FGCT M) + 5827 A 5] (GG M)
TSl T2 Mw _ (6.74)

9Cro
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In Appendix B we calculate each term of the last expression: 860%\6, a%iIQ |7 and

Of(Cram A1) ‘7-
8CPQ 0 -

After the above calculations we use the neo-Hookean incremental constitutive tensor
in Eqs.(6.29).

Of course we do not loose the hyperelastic symmetry, that is to say,

LOMMPQ — - OPQLM (6.75)

Third case: linear relation between the Hencky strain tensor and its energy

conjugate stress tensor

For an isotropic elastic material [7],

7O'+ATSIJ ) 7O'+AT€IJ :g+AT FIJ 5 7O'+ATHIJ (676)

Therefore, we can write the Principle of Virtual Work for the equilibrium configuration

at T+ AT [9],

/ Z)‘+A7'1—\IJ 5 Z)‘+ATHIJ odV = T+A7‘R )
oy
The stresses and strains are decomposed into the known quantities jT'7/ and T H;;,

and the unknown increments ,I'’’ and ,H;, so,

T+ATHIJ . tplJ 1J
r+ATPIT TPl 4T

T4+AT T
o STHry = [Hpj+,Hpy

/ @T" +oT") & (FH1s +o Hyy) °dV = TR
v

Being 6 JHry =0,
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/(SFIJ + OFIJ) 50HIJ oqV = T+A7R )
oy

It is necessary to put the strain increments in terms of the displacement increments.

To do that, we take into account (6.61),

OHpy OH;y
Hij= ——|7 ,C =2—\, .
1J Ca1n |0 MN Cn |0 EMN
We define the fourth order tensor,
OH;y

ALY =2 0 6.78

oM J aCMN|O ( )
hence,

oHry = IAY cemn (6.79)

To calculate the above defined tensor components we use again the Serrin formula.

Using the tensor ;A and Eq. (6.25), we can calculate the increment L as,

OFIJ: OcIJKL OHKL — oclJKL Z)\%N (oeMN + onMN) . (680)

Hence, the linearized incremental equation (6.29) can be written, in the element

natural system, as,

~. . ~pq _TTrS ~ =5 Lymn ~
CIM TN oAk ofpq Bobrs °dV + / SLT TN Bollyy AV =
ov ov
AR T TN Gofinn %AV (6.81)
ov
~ _~NL1 _~NL2 ~NL3
Matrices ¢B, §B;; , ¢B;; and §B,;  are those calculated for the first case,

therefore the linear stiffness matrix and the vector of nodal equivalent forces are,

~T ~ ~
SKLz/V §BTIN CiAgBdV
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F = / rBT N D4V
2%

We define a new vector (6x1) vector gé . The expressions of the nonlinear matrices
are similar to the Eqgs. (6.57), (6.58) and (6.59), but replacing the components of the

second order Piola Kirchhoff tensor 75% with the components TG,

Q=L oA (6.82)

In the last equation, the second Piola Kirchhoff tensor gg is written as a (6x1) array

while the fourth order tensor g; is a (6x6) matrix.

~ ~NL,1 T Pvss T~NL,1 5y T~NL,1
SKNLJ = /V [;‘GTT SE’I"I‘ + OG Oﬁss + oGtt Oﬁtt +
~ ~NL,1 7_~NL,1 oy 7_~NL,1 7_~NL71
ZGTS (gﬁrs + Oﬁsr ) + oGTt (Oﬁrt + Oﬁtr )+
~ ~NL,1 ~NL,1
ZGSt (Z)-Est + Z)-Ets )] Odv (683)
’ 2 7_~NL72 i 7_~NL,2 2y 7_~NL,2
OKNLQ - /V [ OGTT Oﬁrr + OGSS OESS + oGtt Oﬁtt +
~ ~NL,2 ~NL,2 ~ ~NL,2 ~NL,2
ZGTS (gﬁrs + gﬁsr ) + ZG” (Sﬁrt + gﬁtr ) +
~ ~NL,2 ~NL,2
sG (3B, T+ §B;, )] %AV (6.84)
~ ~NL,3 ~ ~NL,3 ~ ~NL,3
oKnrs = / [5G 8B, + 5G* B, + ;G (B, T+
oV
~ ~NL,3 ~NL,3 ~ ~NL,3 ~NL,3
ZGTS (gﬁ’rs + gﬁsr ) + ZGT’t (z)—ﬁrt + gﬁtr ) +
~ ~NL,3 - ~NL,3
ZJ—GSt (gﬁst + OEts )] Odv . (685)

The resulting stiffness matrices are, of course, also symmetric.
During the calculation, the first step is to calculate the components of the second

oH;j, and interpolate the transversal shear components according

order Hencky tensor, |
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reference configuration spatial configuration

intermediate configuration
stress free — not a proper configuration

Figure 6.4: Lee’s multiplicative decomposition

to Egs. (6.11a) to (6.11f). With the interpolated Hencky strain values we calculate the

interpolated second order Green tensor, and with the latest we calculate Z)\%N .

The terms g)\%N are calculated in Appendix B.

6.4 Elasto-plastic formulation

6.4.1 Constitutive relation

This full 3D constitutive relation is based on,
e Lee’s multiplicative decomposition of the deformation gradient (Fig. 6.4),
e maximum plastic dissipation,

e for the elastic part an hyperelastic relation using Hooke with Hencky strains

Eq.(6.25).
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unstressed configuration for 7+ AT

Figure 6.5: Incremental step

6.4.2 The incremental formulation

Using a total Lagrangian formulation, we can write the Principle of Virtual Work for the

equilibrium configuration at 7 + A7 [9],

/T+ATP1J §THATHE ogy = THATR (6.86)
oV
where "FA7R is the virtual work of the external loads acting on the solid body in the
7 + A7 configuration and 7 H E is the elastic Hencky strain tensor. From Fig.(6.4) it is
clear that the stresses in the multiplicative decomposition scheme are developed during
the elastic process and, therefore, the stresses develop virtual work with the variations of
the elastic strains.
To perform the step from 7 to 7 + A7 we first consider an "elastic predictor" phase,
that is to say, we assume that the intermediate configuration is locked; then we consider
a "plastic corrector" phase to update the intermediate configuration. In Fig. (6.5) we

schematize this procedure.

For the elastic predictor phase,
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/T+ATP1J 5]?}:7] oqV = T+ATR ] (687)
oV

During an iterative process we linearize the steps around the previous iteration (k—1)

results, therefore,

rHATPI |k — THATDL)| (=) 4 pIT (6.88)

Replacing the last expression in Eq. (6.87), we get,

/ (AT (D D) GHE, AV = TR (6.89)

oV
Since we are interpolating the total components of 7 H, not only the elastic part, we

must calculate,

-~ OHE
OHp = Y 0HLy
LM
ITE TE 277E
OHp, |k _ OHp, |(k—1) 0" Hp, ’(k—l) oHps (6.90)
OHpm OH OHps OHpm
hence,
- OHE PHE
0HP = | 2| ) + ———L— %D Hpg | 6Hpn - 6.91
IJ (aHLM| OH s aHLM| 0{1Rs LM ( )
Regarding the increment ,I'77,
ort’ OHE
Y |(b=1) P9 (1) (6.92a)

ol £o OHps

Replacing Eqs.(6.91) and (6.92a) into Eq.( 6.86) and neglecting the product of

increments we get,
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OHE
T+A’TI‘\IJ (k—1) IJ |(k-1) SH °odv
/ T LAV

LM
oV
ortY OHE, OHE
(k—1) Z77PQ | (k-1) H 1J |(k—1) SHS. °dV
/8 | OHRs : e 8HLM| M "
T+ATIJT|(k—-1) a2ﬁIEL‘7 (k—1) 0 T+AT (k)
RS LM

oV

Now we define the following tensors,

- 8FU
CLIPQG-1) — |1 (6.94)

OHE
T+ATDR — T PQ (k1) 6.95
T | 3HRS| ( )

_ ?H

s GRS ey _ PHiy gy 6.96
; o s 01y (6:96)

The fourth order tensor (C'  is the tangent constitutive elato-plastic tensor.

Regarding the fourth ord;Efensor 0+ATD obviously it is 0+ATD = I when there is
not plastic deformation. B

The derivation of the tensors +ATD and T+ATDD is presented in Appendix C.

The tensors defined in Eqs.(6.94)? 6.96) are calculated at each Gauss point. They
cannot be calculated at the sampling points, because the deformation gradient tensor

8+AT§ is only known at Gauss points [28]. Replacing into Eqn (6.93),

/5HL T+ATFIJ|(k 1) T+ATDLM’k 1) °dV +

/5HLM 6+ATDIL}W|(I€71) OngDPQ 6+ATﬁ]I§%|(l€fl) OHRS °dV +
%
/ 6HL T+ATI‘\IJ|(]€ 1) T+A7‘DD

oV

S
DDy, D (HpsodV = THATR . (6.97)
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Replacing Eq. (6.78) into Eq.(6.79) we get,

o T+AT\VW (k-1

0Hrs = 5 AR ED gepw
o TH+AT\XT | (k-1

OHry = 0 )‘LM( )55XT .

The strain increment oej;ny can be decomposed into a linear part in incremental

displacements, ey n, and a non-linear part in incremental displacements, 7y,

0EMN = 0€MN T oNun -

Linearizing,

0€vw 0ExT = o€MmN 0exr .

Substituting in Eq. (6.97),

/577XT 7‘+AT)\XT|(I€ 1) T+ATFIJ|(k 1) T+ATDLM| (k—1) OdV+

/5exT rHATAXT (k=1) T+AT HLM| (k1) oCEe pHAT DR !(k_l) 6 ATARS 1“7 oevw AV +

—=RSLM

/56)( TRATAXT (k=1) rHATL|(k=1) TR P (k) AVIV (k1) o0 0g) =

THAT R _ /5€XT 8+AT)\2(AT; (k—1) T+AT1‘\IJ|(]€71) 6+ATﬁILj\J|(k71) odV . (6.98)

oy

’T+ATKL ‘ (k—-1)

Linear matrix | and the vector of nodal equivalent forces "+27 F|(*~1),

The Egs.(6.41) is substituted into Eq. (6.98), getting 2 lineal stiffness matrices § 27K,

T+AT
and "7 K o,

ngA‘rKL’ Zy|(k71) — / 8+ATB(XT)Z|(k71) 6+AT)\)L( (k—1) T+ATDLM|(k 1) | (699&)

oy
CIJPQ T+ATD§5|(I€*1) 6+A7—)\gg/|(k—1) 8+ATB(VW)Y oqV
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~T
PRATRC D = / g AT BT FEATAT| D GEATD D L (6.100a)
oV
0Cpp § 7DD FraTA[(=1) Frar Bl(=1) oy

8+ATKL2,ZY|(IC71) — / ‘6+ATBXTZ|(k71) 8+A7)\i(]\7/“[|(k71) T+AT1‘\IJ|(k71) (6101&)

oV
——RSLM
SDDIJ |(k71) 6+A7)\g?/|(k71) ‘[I)‘+ATvay|(k71) °dv .

As the influence of {727 K, , is not very significant in the iterative process, we do not
consider this matrix in the equation system.

The vector of nodal equivalent forces is,

T+ATFZ|(k—1) _ / 6+ATB XT)Z|(k 1) T—i—AT/\XTl (k—1) T+ATFIJ|(k 1) 6+ATD ’ (k—1) odv

oV

T+ATE|(]€—1) — / 6+AT§T 6+ATAT|(/€—1) Z)—+ATQ|(k_1) T+AT£|(k—1) Odv ' (6102)

oV
Non-linear matrix ;77K |~

From 6.98 we also get 7727 Ky, |1,

8+ATKNL|(k71 / 577XT T+AT>\XT |(k 1) T+ATF1J|(k 1) T+ATDLM|(k 1) odv .

oV

) ~NL1 _~NL;2 ~NL,3 _ _
Matrices ¢B,; , ¢B;; and ¢B,;  are those calculated for the linear relation

ij

between 2" Piola-Kirchhoff and Green Lagrange
We define a new (6x1) vector [Gp. The expressions of the stifness matrices are similar
to Egs. (6.83) to (6.85), but replacing the components of the vector G for the components

of the new vector JGp,



143 Large strain shell elements

T+AT AXT |(k—1) _
0 GP | -

T+ATFIJ|(]€71) ‘6+A‘rﬁ£§\/l|(kfl) 8+AT)\2(AT; (k—1)

Z)—GP (Z) |(k—1) _ T+AT£T|(’€—1) 6—|—A7E|(k—1) E—Q—ATAl(k—l) (:’ Z)

where {T7\|(=1) (2 4) is the i column of the fourth order tensor 57 A|*~Yexpressed as
a (6x6) matrix. -

Provided that the second order tensor T+AT£|(k_1) is defined in the intermediate
configuration, it remains in cartesian coordinates. Therefore, for the elasto-plastic
formulation, we do not calculate the stifness matrices in convective coordiantes but in
the cartesian coordiante system. Regarding the integration volume, as the step between
the reference configuration and the intermediate configuration is totally plastic, there is
not volume variation between them, therefore we can integrate in the reference volume.

Finally we get the following nonlinear finite element equations,
(6+ATKL|(k_1) _|_’(7)'+AT KNL|(k_1)) Q _ T+ATB|(]€) i T+A7’E|(k—1) ]

6.4.3 Calculation of stresses (Radial Return algorithm)

This algorithm was already presented in [36] and [28].

Elastic predictor The trial values ip and o, are those calculated at last converged

step 7.

X - X
=p =p
~ _ T

Oy = 00y
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S“LATQ was calculated taking into account the transverse shear strain interpolation.

where C' is an isotropic and constant fourth order tensor (Hooke’s law).

N ~ 1a
£D =L- 3 £V 9
and,
Iy =T
3 3
(I):<§£D::D) —3y
IF(® < 0) then,
8+A7—X — X
=p =p
5+ATUy =0y
T+AT T
£D - LD
T+AT£ _ 2
T+AT e
gE - gE
ELSE

go to plastic corrector
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Plastic corrector Being F the elastic modulus, E; the tangent modulus after plasticity,
G the shear modulus of the elastic law, u the Poisson coeficient and s the compressibility

modulus, and considering a bilinear elasto-plastic model, the hardening modulus A is,

E E;
h_E—Et'

Ae, is the equivalent plastic strain increment,

o

NG, — —
°“T3G 1 h

and,

T+AT _t —
0 "oy = ‘o, + hAg,

T+AT _ 7 =
L =1, -V6GAg,

T
V3 AE, =
T+A7’X = le Ly Lp TYX

8+ATQE — (6+A7£p)7T . 6+A7g . (6+A7ép)71

1
T+AT _ [T+AT 2
0 QE - (0 gE>

We calculate 7277 remembering that in case of asociated von Mises flow rule the

hidrostatic stress is only related to the elastic deformations.

ATl A I A
T+ T J _7+ TFDJ T K Z)'Jr THE,V 5IJ )
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6.4.4 Algorithmic consistent tangent constitutive tensor

The fourth order tensor (€ is the material elastic consitutive tensor, it is constant for
linear elastic behavior anc? ibjcpis a function of the total elastic strain for nonlinear elastic
behavior [31].

This algorithm was already presented in [36] and [28], where was derived a tangent

constitutive tensor consistent with the radial return algorithm.

€p

w
b

T+AT)\EP -
2

=k

Oy

9G (1—2h7 2 Agp)
2702 (3G +h)

Y

T+AT _
X3 =

E 0.0
3(1-2v) £
(6.103)

2G
C (k—1) _ IDEV _ THAT T+ATP (k—1) T+ATP (k—1)
OéEP| 14+2G AT gp |Z X3 :D‘ :D‘ +

in the above [ is the fourth order unit tensor,

= IxLRs EKErERES -

I~

The Eq. 6.103 represents the continuum tangential elasto-plastic constitutive tensor.

Therefore,

~F
0£IJ: Og |(k—1) . Og |(k—1) )
=FEP

To find the unit tensor components we apply its definition, that is, if we multiply a

tensor A by the unit tensor, we obtain the same tensor A.

arj ey = IKLRs €x€LEREs APQ E€p

ary ere; = Ixrrs apg Orp 0sq €xer
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ary €;€5 = IxrRrs ars E€xer

axr = IxkLrs ars

hence,

IKLRS = 5KR 6LS’

The deviatoric part of the fourth order unit tensor [ is,

_DEV :l . logog
= = 3 = =
00 _
99= 0K exer ORrs €Rts
0.0 __
99 = OKL ORs ExELERES

1
IR0ks = 0kR 6s — 3 Okr ORs

6.5 Numerical studies

The

d.of. (AN, A);) are condensed at the element level and (20x20) element stiffness

matrices are obtained and assembled into the global stiffness matrices.

6.5.1 Basic numerical studies

Convergence

The

MITC4-3D shell element inherits from the MITC4 element the following properties,

it does not contain spurious rigid body modes,

it satisfies Irons’ Patch Test.
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Conditioning

In order to investigate the conditioning of the MITC4-3D element in Fig. 6.6 we compare,
for a very thin element, the conditioning number of the stiffness matrices corresponding
to a standard MITC4 element and to the new element. We use the conditioning number

defined as [9],

cond (K) = logy, /kmax : (6.104)

In the above equation,

Apmax : maximum eigenvalue of the stiffness matrix,

Apmin : minimum non-zero eigenvalue of the stiffness matrix.

The comparison was performed considering the three defined hyperelastic constitutive
relations and three different values of the Poisson coefficient. In the case of the MITC4-3D
element the eigenvalues correspond to the condensed (20x20) stiffness matrix.

We see that the conditioning number of the MITC4-3D element is only slightly
deteriorated in the case of an extreme value of the Poisson coefficient, as compared

with the conditioning number of the standard MITC4 element.

6.5.2 Finite strain analyses
Hyperelastic materials

In this subsection we are going to analyze several cases of hyperelastic shells deforming
into the finite strain regime.

For each case we consider the three hyperelastic constitutive models described
above; hence, the purpose of this section is twofold: the investigation of the numerical
performance of the MITC4-3D element formulation and the investigation of the differences

in the shell structural responses corresponding to the three material models.
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Figure 6.6: Conditioning of the MITC4-3D element compared with
the conditioning of the MITC4 element

Cantilever under constant moment In Fig. 6.7 we present the results for an elastic
cantilever with (L/a) = 100, E = 1.2E°" and v = 0.0 .
We get the same result for the three considered material models because the strains

developed in the cantilever beam are only moderately high.

Cantilever under tip load In Fig. 6.8 we present the results for the tip vertical
displacement of an elastic cantilever with (L/a) =10 , F = 1.2E°" and v = 0.3.
Regarding the equilibrium path we get the same result for the three material models
considered. In Fig. 6.9 we present the results for ("A,, "A;) and in this case the results
corresponding to the first constitutive relation are only slightly different from the results
corresponding to the other two constitutive relations.
Again the reason for these very similar responses lies in the fact that the strains

developed in the cantilever beam are only moderately high.

Infinitely long cylinder under internal pressure We consider the infinite cylinder

represented in Fig. 6.10 under internal pressure. In the same figure we represent
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Figure 6.7: Elastic cantilever under constant moment (L/a) = 100
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Figure 6.8: Vertical displacement of a cantilever under tip load

(L/a) =10
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Figure 6.10: Infinite cylinder under internal pressure

the equilibrium paths obtained for the infinitely long cylinder considering the three
hyperelastic constitutive models discussed above. The strains developed in the cylinder
wall are quite high; hence, the equilibrium paths are quite different, in particular the one

corresponding to the first hyperelastic model.

Finally in Fig. 6.11 we present the predictions of the through-the-thickness stretching
obtained with the three models considering two different values of the Poisson coefficient.
Again the higher the strains the larger the difference between the structural responses
predicted using the first constitutive model and the structural response predicted using

any of the other two models.

Sphere under internal pressure For the analysis of a sphere under internal pressure
we consider two cases; a thick and a thin sphere, as it is shown in Fig. 6.12. For symmetry

reasons only one eight of the shell is modeled.
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Figure 6.12: Sphere under internal pressure
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Figure 6.13: Sphere under internal pressure - thick case

In Fig. 6.13 we present the results corresponding to the thick case; again, the first

material model provides results that are quite different from the results provided by the

other two material models.

In Fig. 6.14 we present the results corresponding to the thin case and the comment

related to the behavior of the material constitutive models is again the same.

Notice that, as we should expect, when the thickness decreases A\; — 0.

Twisted ribbon For the two load cases represented in Fig. 6.15, in which the resulting

strains are only moderate, the load displacements are identical considering the three

material models.
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Figure 6.16: Cylinder under line load

Cylinder under line load In Fig. 6.16 we describe the analyzed case.

In Figs. 6.17 and 6.18 we present the results obtained, for the three different

hyperelastic constitutive relations.

Pinched hemispherical shell This case, depicted in Fig. 6.19, was used as a test case
in many previous publications (e.g. [69]). It is a shell element with two opposite polar
holes spanning a latitude of 18° each; for symmetry reasons only one eight of the shell is

modeled.

The results obtained with the MIT(C4-3D element and the above described constitutive

relations, using two different meshes, are presented in Fig. 6.20.

In this case the results corresponding to the three constitutive models converge to

almost the same result when the mesh is refined.
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Elasto-plastic material

In this subsection we are going to analyze several cases of elasto-plastic shells deforming
into the finite strain regime [80].

We have validated the new MITC4-3D element comparing its results and iterative
behavior with an implementation of the MITC4 element in which the thickness is updated

a posteriori of each iteration.

Large membrane strains in an elasto-plastic panel In Fig. 6.21 we present a
case of large membrane strains. For this problem E = 2.1 107% £, = 2100, v = 0.3,
a=0.1, o, = 2100.

Imposed displacements were applied. The Figure shows the mesh, the load P and
the thickness stretching. We compare the results obtained with MITC4-3D with those
obtained with the MITC4 element with a posteriori thickness update. The coincidence in

the results is perfect.

Inflation of an infinitely long elasto-plastic cylinder under internal pressure
We consider the infinite cylinder represented in Fig. 6.22 under internal pressure. For
this problem £ = 2.1 107%, F;, = 2100, v = 0.3, a = 0.1, 0, = 2100,and the cylinder
radious is 100. Radial displacements were applied. The Figure shows the equilibrium path
calculated with both elements, MITC4-3D and MITC4 with a posteriori thickness update,
and the thickness stretching vs radial displacement curve. Regarding the equilibrium path,

the coincidence is perfect.

Elasto-plastic cantilever beam under tip load In Fig. 6.23 we show the results for
the tip vertical displacement of an elasto-plastic cantilever with (L/a) = 100 , £ = 1.2
1077 F =12 10%%, vy = 0.3 and o, = 2.4 10704,

Regarding the equilibrium path we obtained similar results for both formulations,

MITC4-3D and MITC4 with a posteriori thickness update.
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Figure 6.23: Elasto-plastic cantilever beam under tip load
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at the element closest to the center.

Spherical shell For the analysis of a sphere under a concentrated load we use a 3x3
mesh for one quarter of the shell, as it is shown in Fig.6.24 The main characteristics of
the shell are: &/ = 68,95, £y =6, v = 0.3, 0, = 0,9, R1 = R2 = 2540 and a = 784,9. The
same figure shows the curve Vertical load vs Vertical displacement at the center of the
shell and the through the thickness stretching vs. vertical displacement at the element

closest to the center, at top and bottom, and at coordiante t=4-0.86113.

In Fig. 6.25 we compare the numerical efficiency of the MITC4-3D with that of the

MITC4 with a posteriori thickness update element. We can observe that the iterations
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Figure 6.25: Spherical shell: numerical efficiency study

number for the new element is much lower than for the previous one. The second graph
shows the logarithmic values of the out of balance energy for each iteration of the last step
for both elements. For the MITC4-3D the out of balance energy decreases more abruptly
than for the other element. From those graphs it can be drawn thet the new element is

more efficient, and this was our main objetive to develop it.

Pipe: external collapse pressure In this case, we analyze the behavior of a
pipe under external pressure. The material properties are: E = 21000kg/mm?,
E, = 86kg/mm?, v = 0.3 and o, = 54,75kg/mm?. Regarding the geometry of the
pipe, the external diameter is 341, 5mm, the thicknes a = 17,65mm and the ovality

Dmax—Dmin — () 47%. Figure 6.26 shows the pipe after some collapse propagation; the red

Da’uer‘age

6
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Figure 6.26: Pipe: external collapse pressure

area corresponds to diameter diminish while the lateral green area correponds to diameter
increase. The Figure also shows the curves External pressure vs. diameter variation, for
both elements. It can be observed that the results are very similar. The curves Thickness
stretching vs. Axial coordinates for element lines corresponding to diameters that increase

and to diameters that decrease are also presented.

The Figure 6.27 compares the iterations number vs. diameter variation for MITC4-
3D vs MITC4 with a posteriori thickness update. As we observed in the previos example,

the new element shows a much better efficiency.
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6.6 Main observations

A new shell element, MITC4-3D, with elasto-plastic finite strains and based in the MITC4
formulation was implemented for the analyses of elasto-plastic shell structures. The results

indicate that it is a very effective element.
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Chapter 7

Conclusions

Establishing manufacturing tolerances for steel pipes to be used in pipelines, such as
amplitude of the out-of-roundness specially its second mode in a Fourier decomposition,
eccentricity, residual stresses, etc. is an involved issue that should balance production

cost with expected performance.

Finite element models are nowadays a relevant tool for exploring the effect of those
tolerances on the collapse and propagation pressure of tubular goods and to study the
technological windows (the locus in the space of the process control variables that defines
a given process set-up) of the production process of the pipes that will render products

within the expected tolerances.

Since technological decisions, with high influence on the ecological impact of industrial
facilities and pipeline installations, on labor conditions and on revenues, are reached based
on the results provided by numerical models, it is evident that these models have to
be highly reliable. Therefore, it is of the utmost importance that sound computational
mechanics formulations are used and that the model results are subjected to experimental

validation.

In this thesis we proposed some guidelines for the development of finite element models

that provide the link between manufacturing tolerances and performance predictions.

Some of the aspects that we discussed are,

169
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the usage of 2D and 3D models,

e the usage of shell elements,

e long vs. short models,

e nonlinearities to be included in the models,
e follower loads,

e material modeling,

e modeling of residual stresses,

e code verification and validation of the results.

Regarding the link between production process and manufacturing tolerances, we

discussed some results that we obtained for the UOE process.

7.1 Model definitions

We discussed which model is the most adequate to investigate the effect of manufacturing

tolerances on the collapse and post-collapse behavior of steel pipes.

7.1.1 The usage of 2D and 3D models

Material properties, residual stresses and pipe dimensions like eccentricity, out-of
roundness, thickness, etc. vary along the length of a given pipe.
When the collapse behavior of a specific pipe is investigated, a 3D model that
incorporates a detailed geometrical and material description needs to be developed.
However, we may also need to perform parametric studies to investigate the effect
of manufacturing tolerances on the collapse and propagation pressures; in these cases

we consider an infinite pipe with uniform properties along its length and we use a 2D



171 Colnclusions

plane strain model built using continuum elements or 3D short shell models, if we need

to include bending in the analysis.

In Section 2.2 we described the model we developed using 2D continuum elements
QMITC. This model was very useful to study the effect of ovality, eccentricity and residual
stresses on the external collapse pressure. To assess on the quality of the mesh we analyzed
the plane strain collapse of an infinite pipe and we compared our numerical results with the
analytical results obtained using the theoretical formulas. The comparison showed that
the proposed 2D mesh of QMITC elements is accurate enough to represent the collapse

of very long specimens.

The ovality is considered to be concentrated in the shape corresponding to the first
elastic buckling mode and the eccentricity is modeled considering non-coincident OD and

ID centers.

For the range of (D/t) values that are relevant for pipelines, we can model the collapse
and post-collapse behavior of the pipes using shell elements. In particular we selected a
shell element that is free from the locking problem: the MITC4 element. In the code
ADINA this element was implemented improving its in-surface behavior via incompatible

modes.

In Section 2.3, to include bending in the analyses, we developed a numerical model to
simulate the behavior of a very long tube (infinite tube) and determine its pre and post-
collapse equilibrium path. Using this model we performed parametric studies in order to
investigate the significance of the different geometrical imperfections and of the residual

stresses on the collapse and collapse propagation pressures.

For the cases with external pressure plus bending we first imposed the bending and

then the external pressure keeping constant the imposed curvature.

The 3D finite element models of finite pipes were developed to overcome the limitations

of the simpler models described previously.

It is important to take into account that when the sample is long enough (L/D > 10)

the end conditions have only a very small influence on the collapse pressure.
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7.1.2 Nonlinearities

It is also necessary to decide on the nonlinearities that we must include in our finite
element models to be able to predict the collapse of steel pipes under external pressure
and to track their post-collapse behavior.

Since we need to predict collapse, we have to use a geometrically nonlinear analysis
considering large displacements/rotations, that is to say we have to fulfill the equilibrium
equations in the deformed configuration. As it was demonstrated in Section 4.4, even
if very high strains are developed at localized points, the general behavior of the post-
collapse response can be determined without including in the analyses finite strain models.

In the range of (OD/t) values that are within our scope, the collapse is an elastic-
plastic collapse, that is to say plasticity is developed before and after collapse; hence the
material nonlinearity has to be included in the analysis.

To track the collapse and post-collapse response of the pipes we use an algorithm that

iterates in the load-displacement space.

7.1.3 Follower loads

It is important to consider follower loads to model the effect of the external hydrostatic
pressure, since the consideration of fixed-direction loads results in important errors when

predicting collapse pressures.

7.1.4 Material modeling

In our models we use von Mises associated elasto-plastic material models with isotropic
hardening. We model the hardening using bilinear or multi-lineal models. Even though
it is clear that more sophisticated hardening models can be used, this very simple model
has been very successful in the prediction of collapse and post collapse pipe behaviors, as

it was shown in Chapters 3 and 4.
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7.1.5 Modeling of residual stresses

In most of our analyses we considered a linear residual stresses distribution across the pipe
wall thickness. In Section 2.4 we checked the modeling of the residual stresses distribution

by modeling a slit ring test using the ADINA “element birth and death” feature.

7.1.6 Code verification and model validation

In the verification process we have to prove that we are solving the equations right, and
therefore this is a mathematical step [65]. In this step we have to show that our numerical
scheme is convergent and stable.

It is important to notice that the verification process is not only related to a numerical
procedure but also to its actual implementation in software (either commercial software
or an in-house one) [65].

In the validation process we have to prove that we are solving the right equations,
and therefore it is an engineering step [65].

We do validate neither a formulation nor software: we validate the usage of verified
software when used by a design analyst in the simulation of a specific process. We have
to validate the complete procedure.

In Chapter 3 we developed a complete validation of the collapse and post-collapse
analyses of pipes under external pressure plus bending while in Chapter 4 we validated
the analysis of pipes with collapse arrestors under external pressure only. Regarding
the latter case, the numerical results not only match the experimental values of collapse
pressure, collapse propagation pressure and cross-over pressure but also the cross-over

collapse modes, flattening and flipping.

7.2 The UOE process

In Chapter 5 we simulated the UOE forming process of the pipes using a 2D finite element
model, developed with ADINA.
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The UOE process introduces accumulated plastic strains and residual stresses; to
evaluate their effect on the result of the forming model we modeled a collapse test. We
also performed parametric analyses, in order to study the influence of the tooling on the
final shape and strength of the welded pipes.

Summarizing, a methodology for using the finite element method as a robust
engineering tool for analyzing the effect of the manufacturing tolerance on the collapse and

post collapse behavior of steel pipes was discussed and illustrated with practical examples.

7.3 New shell finite strain element MITC4-3D

Even though the matching between numerical and experimental results was excellent, the
model results showed high strains in some areas of the collapsed pipes. Therefore, we
developed a new shell element, MITC4-3D, with elasto-plastic finite strains, based in the
MITC4 formulation. It was implemented for the analyses of elasto-plastic shell structures

and the results indicate that it is a very effective element.



Appendix A

Imperfections Measuring System

The Imperfections Measuring System (IMS) or shapemeter (Fig. A.1), developed at
Tenaris Siderca lab on the basis of previous publications by Arbocz and co-workers [3]
[4] [89], has been used to survey pipe geometry and then analyze their collapse pressure.
The information provided by the IMS proved to be very valuable to assess on the collapse

resistance of pipes.

A.1 Mapping of the sample’s external surface

To map the external surface of a sample we rotate it in a lathe and at regular intervals
of time, radial and angular positions are sent to an acquisition system (Fig. A.1). The
position of the pipe surface is recorded from a linear variable displacement transducer

(LVDT). A rotary encoder placed on the rotation axis provides the angular position.

We developed an algorithm to transform the acquired data into the Fourier series

description of the samples external surface [6].
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Figure A.1: The IMS (or shapemeter)

A.1.1 Algorithm to process the data acquired with the

imperfections measuring system

The data are acquired along a spiral path; however, in subsequent analyses we will consider
that the points corresponding to a turn are located on a planar section, at an axial distance
2z from an arbitrary origin. As the pitch of the spiral is less than half of the typical wall
thickness under analysis, this assumption is valid for the purpose of modelling the collapse

test.

The data are fitted to a perfect circle (of unknown center and radius) through a
least squares method [89]. This approach is consistent with the subsequent Fourier

decomposition (see Fig. A.2).

Input data r;: radial distance from the rotation axis to the external surface, j data

point.

g;: total turns corresponding to the j* data point, measured from an arbitrary defined

Zero.
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Center of .
the best fit circle Best fit circle

Rotation axis

Figure A.2: Algorithm to process the data acquired with the LVDT

Algorithm

Initial data reduction We can define,

k = int(q;) (A1)
the k' turn. For this turn we have,
2z = Azint(g)) (A.2)
0; = 2m (g —int(g)))
Tf =T

where i = 1 for the first j which satisfies (¢; —int(g;)) > 0 (indication of a new turn). Az

indicates the axial advance per turn. The number of data points per turn is not constant.
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Fit to best circle For the k™ section we can define a "best-fit circle", with radius Ry
and with its center located at (zo,y0) in a Cartesian system, contained in the section

plane and with its origin at the section rotation center [89]. The superindex & in 65 and
k

r; is omitted.

For determining Ry, xg and gy, we solve the following minimization problem,

(Ro,ﬁo,yo) = @Tg[mmEz(Ro,Io,yo)] (A-3)
E, = Z[Tz—g(QuRo,xoyyo)]?

7

g (0, Ro,x0,90) = (0 cosb; + yo sinb;) + \/R% — (xo sinf; — yo cos Qi)z
To solve the above nonlinear minimization problem we apply the Levemberg-Marquard

method [63], using as first trial a simplified (linearized) solution in which the expression

for g reduces to [67],
Guin (05, Ro, %o, yo) = (zo cosb; + yo sinb;) + Ry (A4)

Data reduction to new center Once the center of the "best-fit circle” is determined

we reduce the acquired data to it,

/.I\z‘ = T; COS 01 — X
Y = r;sinf; — yo (A.5)
ri = i+

@- = tan! (%)
Ty

Fourier transform We expand using a discrete Fourier transform,
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where M is the number of samples taken in each turn (360 on average).

Shape reconstruction

F(0) = Ro + Y [ayc0s(j 0) + bysin (j 0)] (A7)

J=1

where N is the number of modes used in the reconstruction of the shape.
Sampling theorems [17] put a limit on the maximum value of N that can be used (in
our case N < % ~ 180, tipically 50). For practical purposes we define the amplitude of

the j mode of the Fourier decomposition as,

A; = \Ja2 + 2. (A.8)

A.2 Deepwater pipelines. Measurements.

The scope of this Section is the geometrical survey of the 9 samples of the tests described
in Chapter 3. The geometrical survey is composed by the mapping of the external surface
and the measurement of the wall thicknesses.

The results of the topography mapping of the external surface, the modal analysis of
the circular deviations and the wall thicknes are analyzed. The samples belong to two
different mills.

The results of the geometrical mapping of 9 samples of Tenaris pipes are presented.

Each group of 3 samples was obtained from 2 pipes (Figure A.3).
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MILL 1
| 4m | 4m I
[ [ |
T-7782 T-7784
| 4m ]
| |
T-7871

| 4m | 4m I
[ [ I
T-7549 T-7673
| 4m |
| |
T-7548

MILL 2 Group 2

| 4m | 4m I
[ [ I
T-7550 T-7672
| 4m |
| |
T-7547

Figure A.3: Sample distribution
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A.2.1 Pipe data

Table 1 summarizes the main characteristics of the samples.

Sample | Mill OD t Position | Grade | Tenaris 1D

[mm] | [mm]
MILL1 | 353.00 | 22.00 | extreme | X65 T — 7782
MILL1 | 353.00 | 22.00 | middle | X65 T — 7784
MILL1 | 353.00 | 22.00 | alone X65 T — 7871
MILL2 | 323.85 | 17.65 | extreme | X65 T — 7549
MILL2 | 323.85 | 17.65 | middle | X65 T — 7673
MILL2 | 323.85 | 17.65 | alone X65 T — 7548
MILL2 | 323.85 | 20.30 | extreme | X65 T — 7550
MILL2 | 323.85 | 20.30 | maddle | X65 T — 7672
MILL2 | 323.85 | 20.30 | alone X65 T — 7547

O |0 | N[O | Ot | =W |~

Table 1. Samples description

A.2.2 Pipe Survey

Fourier analysis of the circular deviations Figure A.4 shows, for Mill 1’s samples,

the Fourier series decomposition of the deviations with respect to the average diameter.

Wall thickness

The specimens are 4 meters long. The grid has 48 longitudinal sections with a 75 mm
spacing, and 16 circumferential generatrices, giving 768 grid points.
The pipe wall thicknesses have been obtained with a manual ultrasonic gage at each

grid point. Figure A.5 shows the 3-D representation for the Mill 1’s samples.

A brief statistic calculation is synthesized in Table 2.
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Sample | Mill LablD tnom | taverage | t std dev | emax | Section
[mm] | [mm] | fmm] | [%]
1 Milll | T —7782 | 22.00 | 22.07 0.24 5.32 ST
2 Milll | T — 7784 | 22.00 | 22.04 0.24 5.05 AB
3 Milll | T — 7871 | 22.00 | 21.84 0.26 6.86 O
4 Mill2 | T — 7549 | 17.65 | 18.37 0.36 9.75 R
5 Mill2 | T — 7673 | 17.65 | 18.32 0.23 6.74 F
6 Mill2 | T — 7548 | 17.65 | 18.18 0.19 510 | VW
7 Mill2 | T — 7550 | 20.30 | 21.17 0.36 6.60 | WX
8 Mill2 | T — 7672 | 20.30 | 21.11 0.37 8.82 w
9 Mill2 | T — 7547 | 20.30 | 21.14 0.40 8.14 1J
Table 2. Statistic calculation
A.3 Deepwater pipelines with buckle arrestors.

Measurements.

In this Section we present the results of the geometrical mapping of one of the samples

used in the tests described in Chapter 4.

The Fourier decomposition of the outside surface of that sample is shown in Fig.

(A.6). The zone with high amplitude corresponds to the milled groove, whereas the zone

with low amplitude corresponds to the arrestor, which was machined in a lathe.

The thickness of the samples was also mapped using a standard ultrasonic gauge; the

thickness map for the first sample is shown in Fig. (A.7).
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Appendix B

Hyper-elastic material

B.1 First case: linear relation between 2"¢ Piola-

Kirchhoff stresses and Green-Lagrange strains

B.1.1 Matrices Hy,V 5, MVn and Mn_t

In this appendix we present the details of the matrices we use in Chapter 6.

hy 0 0 0 0 hyb 0O 0 O O hg O O O O Ry O O O O O O
Hy=10 h 0 00 0 hhb 0 00 0 h3 0 00 0 h4 0 00O0O0

0 0 hh 00 0 0 hy 00 0O 0 hs 00 0 0 hg 000 O
(B.1)

Where h; is the interpolation function for node i, being Hj a (3x22) matrix.
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000-vVl, V., 000 0 0O 000 O O 000 O O
000-vy Vi, 000 0 0O 000 O 0 000 O 0
000-VL, V&, 000 0 0O 000 O O 000 O 0
000 0 0O 000 0O O 000 O O 000 O 0
000 0 O 000 O O 000 O O 000 O O
000 0 0O 000-V3L V% 000 0O 0O 000 O 0
000 0 0 000-V3 V3 000 O 0 000 O 0
000 0 0O 000-VZL V& 000 O O 000 O O
000 0 O 000 0O O 000 O O 000 O O
000 0 0O 000 0O O 000 O O 000 O 0
v 000 0 0O 000 0O 0 000-V3 V& 000 0 0
000 0 0 000 0 O 000-V3 V& 000 0 0
000 0 0 000 0O 0 000-V3 V3 000 0 0
000 0 0O 000 0O O 000 O O 000 O 0
000 0 O 000 O O 000 O O 000 O O
000 0 0O 000 0O O 000 O 0 000-V4& VA
000 0 0 000 0O O 000 O 0 000V V&
000 0 0O 000 0O 0O 000 O 0O 000-VL vt
000 0 O 000 O O 000 O O 000 O O
000 0 0O 000 0O O 000 O O 000 O 0
000 0 O 000 0O O 000 O O 000 O O
(000 0 0 000 0 ©0O 000 O ©0O 000 0 0

Where V}; and V; are the components j of the versors ¥V, and V,, node i. V, is a

(22x22) matrix.

o O O O O O O O O O O O O o o o o o o o o o
o O O O O O O O O O O O O o o o o o o o o o
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V9t

nT nT

vyt

ny ny

vl vt

V2t

nr nx

V2 V2t

ny ny

V2t

nz nz

V3 V3t

ne nx
3
ny Vny t

V3t

nz nz

MV, =

Vit
VA VA

ny ny

nz nz

(e} (@) (@) () (e} (@) () (e} (@) (@) (e} (@) (@) () (e} (@) (@) (e} (@) (@) (e} (@n)
(e} o (@) o (e} (@) () (e} o (@) o o (@) o o o (@) o o (@) (@) o
(e} o (@) (s} (e} (@) () (e} o (@) o o (@) (s} (e} o (@) o o (@) () o
o ()] o o o o o o o o o ()] o o o o o o ()] o o o
o ()] o o o o o o ()] o o ()] o o o ()] o o ()] o o o
(e} (@) (@) () (e} (@) () (e} (@) (@) (@) (@) (@) () (e} (@) (@) () (@) (@) (@) (@n)
(e} o (@) o (e} (@) (@) (e} o (@) o o (@) () (e} o (@) (@) o (@) () o
(e} o (@) o (e} (@) o (e} o (@) (@) o (@) o (e} o (@) o o (@) o o
o ()] o o o o o o ()] o o o o o o ()] o o ()] o o o
(e} (@) (@) (e} (e} (@) (e} (e} (@n) (@) (e} (@n) (@) (e} (e} (@) o o (an)] o o o
o o (@) (@) (e} (@) (@) o o (@) () (@) (@) (@) (e} (@) (@) o o (@) () o
(e} o (@) () (e} (@) () (e} o (@) (@) o (@) () (e} o (@) () o (@) (@) o
o o (@) o (e} (@) o o o (@) o o (@) o o o (@) o o (@) (@) o
o o o o o o o o o o o ()] o o o ()] o o ()] o o o
(@m) o o (@m) (@) o (@) (@m) o o (@n) o o (@m) (@) o o (@m) o o (@) o
(e} o (@) (@) (e} (@) (@) o o (@) o o (@) (@) (e} o (@) (@) o (@) () (@)
(e} o (@) o (e} (@) () (e} o (@) () o (@) o (e} o (@) o o (@) () o
o o (@) o o (@) o o o (@) o o (@) o o o (@) o o (@) o o
o ()] o o o o o o ()] o o ()] o o o ()] (@) o ()] o o o
(e} (@) (@) () (e} (@) (e} (e} (@) (@) (e} (@) (@) (@) (e} (@) (@) (@) (@) (@) (e} o
<
w

V.; - component j of versor Vn, node i. Dimension of MV, : (22x22).
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nf
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V. - component j of versor Vn, node i. Dimension of MV, ,: (22x22).

B.2 Second case: compressible neo-Hookean model

In what follows we calculate each term of the Eq.(6.74)

O 7 o St
"2Cpq 100 3 Chq

0 f (Crm,Ai) |6

.
| and “ e
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oA |7

N
9 Crg

To calculate |7 we use the characteristic polynomial of the Green tensor [31] and

calculate its derivative,

— TN TIETAT = TIZTA 4+ IR =0 . (B.4)
oA oI¢ oI or§
_6T>\5 47’]07’)\3_2]07')\ I = 1 7-)\4 . 2 T>\2 3 T =0
( 4y AT 5 A1) aOPQ|0 8OPQ|0 I aOPQ|0 1t aOPQ|0
oI¢ |7 oI |7 oIy |7
O\ "= ~ 3o 0 AT+ 3Ceg 0 A - 9Crg 0 (B.5)
0Cpq " —67A} + 4TIFTAT =215 ) '

Multiple eigenvalues When we have multiple eigenvalues (for instance in the un-
deformed position) we introduce small perturbations, in order to avoid the denominators

of Egs. (6.64) and (B.5) to be zero [36].

Derivative of the first invariant 7IC,

TIIC =1r (gg) :70- 011 —|—Z 022 —|—Z 033 (BG)
IC
—1 = . B.
aCPQ ’0 6PQ ( 7)

Derivative of the second invariant "I,

T 1 T 2 T

R A (U e en)
TIQC = 01 [Cxn+] Ciy [Css 4] Cyg 1Cs3 —) Cha ;Co1 —

0C13 ;C31 —; Caz ;Cso (B.8a)
TCxw 47 Cs3 -1Cy -7Cs1
oly .
——lo=| -7Ci 10 4] Cs3 -1C3 (B.9)
dCpq

T T T T
-7Ch3 -7Ca3 7O 47 Ca
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We are not imposing symmetry when we derivate.

Derivative of the third invariant "I,

IS = det (7C)

T 7C T T T T T T T T T
Ig - 0011 0022 0033 o C’11 0032 0023 o C’12 0021 0033 +

ZCIQ 2031 3023 +g C(13 2021 2032 _g C(13 2031 2022 (B]-O)

e TC% TCs3 —7 Uy 1O =109 1Cs3 47 Cs1 1Co3 109 1039 =7 Csy 1o
I
3 T __

TC12 [Cs3 +1 Ci3 1Cs9 TC1 [Cs3 =1 Ch3 7C51 -1Ch1 [Cs50 +7 Cha 103

s =
9Cpq
"Chy TCys —7 Chg TCay  -7Chy 1Ch3 47 Cis TCy1 7Chy TChy —7 Chy 7Coy
(B.11)

Replacing the expressions of invariants and their derivatives (Eqns.B.6 to B.11) in

: 0. T
(B.5), we obtain ac/\,iQ 2.

o8t \r

o051 oS! 0\
P= 7 —17 . B.12
6CPQ|0 a)\I‘O 6 CPQyo ( )

T ql
fo)

From Eqs.(6.68a) to (6.68c) we deduce the derivatives gfi.

oSt B 2 e 1 KT T TArir—

oA '° AL ¢ A7 % GTJF "M\t A <2T>\§_7)§1_T/\§”> +GTIF % TAr

ast 1 kT TAL T AT —

D0 T T | 2y ey (2NN e 2o (B.13)
11 I gG J3 )\[ )\][]( 3 )—G J3§ )\H

05T 1 i KTJ T TArr— ]

T

0 2 —5 TY2_7T3)2 _7)2 _92
OArr AT GTJ TA T A <2 S Am) —~G7JF 27
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85”’ 1 KT A TArr—
O ° T)\%I % G735 A1 T A1 <27>31—T;§_T>\§11> —G7JF % TA\s
astt 2 gl 1 kT TAr T)\HIQ_
o — T2 _T\2_ T _
OAr1 0 TAIT T)‘?I % GTJTS A1 "Mt (2 7 3>‘1 /\III> 4 GTJTz % At
oSt . 1 KTJ AL TAIr—
Oirr” Al 2GTIF A A <2TA§I_T3A%_TA%”> ~GTJF 2T
(9SHI| 1 | KT TArr TArr—
OAr " "N 2G TJF T " A (ZTA%”?A%J/\%’> —GTJF 27\
oSt 1 i KTJ AL TA—
Wb T 2 2 =5 27—/\2 _-r>\2_7—>\2 —2 9 (B-15)
11 )‘HI §GTJ3 T)\IT)\III ( IIr 31 11>_GTJ3 §T)\II
(9SHI - 2 ‘rsll 1 kTJ 7—)\] 7—)\[[—
OArrr A ° A, 2a TIF TN TALL (2“?11*??*7/\?1) L GTR 4T
Of (Crm, A1) |7
B.2.3 S ) |7
From Eq. (6.72),
TCin — (‘rlé _T )\?) g + T[g T/\I—Q TC[TJ%/[ A
5Ca," Ar) = = - == B.16
f(o LM I> 2 T)\‘} _ TI(]-] )\i + T[g 7—)\[_2 B ( )
applying the division derivatie rule we get,
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0B OAr O\
T 87’)\3 7_27'17'/\ T
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orL ., Ok L, O\
TT)\ TT)\ _27'137')\3 T
8OPQ |0 I + aOPQ |0 I C I aCPQ |0
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aC(LM

9Cpq

Replacing the last 3 equations into (B.17) we obtain the term

oCT )
B.2.4  GHL[p
7Crar 5CuN
801_/]%/[ T T T —1 aOMN T
aOPQ |0 OCMN +0 CLM aOPQ |0
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80@2 6 oCun 5CxE
862@|75
aCPQ 0o YMF
6C§}|T
9Cpg °
8CZ&|T
9Cpo

9°g —
Please note that &= 17 =0.

Of (Crm, A1) ‘7-
6CPQ 0 -

6LN

—1Cp Ong [CNE
—1 —1
_ZCLP ZOQF
—1 —1
_ZCLP ZCQF

—7Cr b g%}w . (B.18)
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B.3 Third case: linear relation between the Hencky
strain tensor and its energy conjugate stress
tensor

B.3.1 AN

EA%N are the components of a fourth order tensor, which is defined as,

OHp;
ICun

Being ,H;; the Hencky strain tensor increment,

T\MN __
o)‘IJ =2

. (B.19)

OHry OHpy
o = 0 OC =2 0o
1J 9Cun |0 MN 9C N |0 EMN
oHry = EA%N oEMN - (B.20a)

We apply Serrin formula (6.64),

R (el L A g+ I A 0T
e RV (VRN

(B.21)

where "\? are the eigenvalues of the second order Green tensor. Therefore the components

Z;CLM are,

"Cru — (T15 — "N]) Cgra + TIE A TCo

7Cry = TAT |TA] 2 B.22
o~ LM I I QT)\‘} . Tfé )\% + TIgT)\I—Q ( )
Taking into account the expression (6.72),
2Crv = TATTAT F(CoanT M)
ol and gH are colinear tensors, H = In,/gC and the eigenvalues A of oL are

T)\f =In("A;). Hence, we can write,
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THine = "M TAT FCCru, Ar)

vHiy = In("Ar) A7 f(0CLm.” Ar)

OH L O 2 0f(CrL, Ar)
——F=0+2In("A\;) "\ o fOCLm,™ Ar) +In("Ar) "N\ ———=—"—]
3Crg o =(1+2 (A1) "\ 3Crq lo S CLa,” Ar) +In(TAr) TA7 3Cro 0
(B.23)
The term a%;f@ |7 was already calculated in Eqn.(B.5) while the term aﬂgg—}’g)")% was

calculated in Section B.2.3.



Appendix C

Elasto-plastic material

C.1 Fourth order tensor ;DKL

ITE ITE NE
gf)ﬁL’(kq) _ OHT; |(e=1) — af—’u |(e=1) aCMN‘(kq) OCRrs |(b=1) (C.1)
OHkr, ICE OCrs OHkr,
The first term of the previous equation, ;é{—é%ﬁk’l), was already calculated in
MN

Appendix A.

CE \ 1 (k-
C.1.1 S |=h)

Taking into account Lee’s multiplicative decomposition and the incremental step described
in Figs. 6.4 and C.1 , the second order deformation gradient tensor is,
70'+AT§‘(’€71) — z)'JrATéE‘(k:fl) . 70'+A‘r£p|(k71) )

According to the Green tensor definition,

8+A7'g|(k—1) _

S+AT£T|(]€_1) . 6+A7—£’(k_1)

operating,

5+A7Q1(k_1) _ (8+A7£p)T‘(k_l) i (8+A7£E)T|(k—1) i 8+AT£E’(I€_1) . 8+AT£P’U€_1) .
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Finally, we get,
6+A7g’(k—1) _ (8+A7£p)T|(k_l) . 8+ATQE|(k_1) . 6+A7£P|(k_l)

and the elastic Green tensor,

-1
8+ATQE|(k71) — (6+A‘r§p)7T|(kfl) . 6+A7‘g|(k71) . (‘[I)-+AT£P> |(k—1)

‘6+ATCE |(k 1) <T+ATX )MK| (k—1) T+ATC |k 1) (T+ATX )LN|

Once the iteration (k — 1) is finished, to go to the following iteration k the trial step
is elastic: the elastic predictor i -
The elastic predictor total deformation gradient tensor is,
v % T+AT k—1
é - é}; ' 0+ £P|( :

therefore, the trial Green tensor is,

Q (T+A’TX) |(k—1) . QE . (70'+A7'X )’(k:—l)

=P =P

hence,

Q _ (TJrATX ) | Q (T+ATX ) |(sz1) .

—0Pp —Pp

But the elastic predictor total deformation gradient tensor i is the actual one,

6+A7§ |k), So, we can re-write the previous equation and get,

Q _ <T+ATX) |(k71) . 6+ATQ|K . (6+A7ép)71|(k71)

linearizing,

g _ (T"!‘AT& )—Tl(k—l) X 8+A7g|(k—1) . (6+A7£p)_1’(k_1)
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C]EN _ (T+ATX )MK|(k 1) T+ATCKL|( -1) <T+ATX )LN|

To derivate (7]{54]\, is necessary to keep in mind that during the linearized step

(6+A7§p)|(k_1) is constant,

E
ORI (1) — (rer X YT |6 5, s (5527 X, )4 D
0CRrs
Finally,
86E - T T T T
OCHIN (k1) — (e )T () (a0 )L () (C.2)
0CRrg

oC k-1
C.1.2  ggas D)

The eigenvalues of the second order Hencky tensor §H, "M are the roots of the

polynomial,

T 3 T T
pAT) == (M) + 1A - L' A + 1 (C.3)

while I{7, I3 and I3" are the invariants of § H

I =tr(GH)

I =

(1) = tr G|

DN —

I3 = det (H)
Applying Serrin formula, the igenvectors of §H are,

oL — (I = "AT) g+ I A RH
2 (AN —IF A 4 (A




201 Elasto-plastic material

The second order tensor (C and §H are colinear tensors, with eigenvalues TN = T2
and "M\ = In("\;), respectively. "\; are the eigenvalues of the second order right tensor

ol . Hence, we can write,
00 = TAY A f(§Hoar, TAY) (C.5)
with,

oHov — (I = ") Ogun + I3 A §H Yy
2 (A — [ ()

FGHLM, A = (C.6)

Therefore, the derivative we are looking for, is,

OCar N, . 0N i H
T — T T)\ H T)\
8HPQ|O a)\[ |0 aH ‘ ( LM, I) +
oNE Of(Hpar, "A)
T)\C—I TH t)\H T)\C ‘I‘)\H ) 1) T ) C.7
I aHPQ|O ( LM, I) aHPQ 0 ( )
In order to obtain the final expression of 8CLM \0 , in what follows we calculate 2 d)\H |0,
ONH Of (Hpnr, M) 17
5|y and 2HEHL ) o
Being,
A = TN\ = 27N (C.8)
the first derivative of the previous expression is,
N . .
8)\H|0 22N = 27)\F (C.9)
From C.3 we get the following expression,
oI oIl |- ¢\H orst |,
ON! |, _ Zamigb (A" + 5o A~ ot (C.10)
OHpg"° 3 (A2 oo —IF

of (Hrm M)

DHire |& we consider the following expression,

Finally, to calculate



Elasto-plastic material 202

FC Hyar, ™M) = oHow — (I — ") gune + T TN §H A
P 2 ("AEY e NE (A B

This term is a division derivative, so,

Of (Hear, A T = 8HPQ 6 B—A 3HPQ o
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8HPQ (TA?) aHpQ aHpQ 8HPQ T)‘I

Finally, replacing the Egs. (C.9), (C.10) and (C.11) into (C.7), we have completely

defined 8CLM \0

—~KLRS

C.2 Sixth order tensor [*2"DD,, |-
T+ATD/DKLRS|(k_1) O*Hyy |(k Y OHf; 1) = 9 (ﬁKL) (=)
° 1 OHgs OHk°  OHps \ OHky OHps \"

(C.12)

Replacing C.1 into the previous expression we get,

T+ATDDKLPQ|(]€71) — 0 8.?I]EJ |(k71) _ 0 aﬁﬁ] aa]\E/[N aCRS ‘(kfl) .
OHpq \ OHkL OHpg \ 0CE, O0Crs OHkr
(0.13)

From Eq. C.2 we know that,

0 (9CEN\ o)
o (%) o s
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hence, taking into account the product derivative rule,

T+A755KLPQ|(1§71) _ 0 81{}”} (=) aC}\E/IN’(k—l) ICkrs =14 6?1% =) aCJ\E;IN‘(k—l)
° Y OHpq \ 0C%y ICkrs OHgL oCE 9Crs
(C.15)

The terms between brackets have been already calculated in Egs. (B.23) and (C.7).
Therefore, from Eq. (C.15) we can get the final expression of the sixth order tensor

components.
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