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Abstract

Purpose

To develop a simple and efficient shell element for large strains hyper-
elastic analyses.

Approach

Based on the classical MITC4 shell element formulation a 3D shell
element with finite strain kinematics is developed. The new quadrilateral
shell element has 5 d.o.f. per node and two global d.o.f. to model the
thickness stretching. The shell element is implemented for hyperelastic
material models and the application of different hyperelastic constitutive
relations is discussed.

Practical Implications

The results obtained considering three of the hyperelastic material
models available in the literature are quite different when the developed
strains are relatively high; this indicates that, for analyzing actual engi-
neering examples, experimental data should be used to decide on the most
suitable constitutive relation.

Originality

The 3D version of the MITC4 element was developed
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1 Introduction

In 1970, Ahmad, Irons and Zienkiewicz presented a shell element formulation
that after many years still constitutes the basis for modern finite element anal-
ysis of shell structures [1]. The original formulation was afterwards extended to
material and geometric nonlinear analysis under the constraint of the infinites-
imal strains assumption [2] - [4].

The fundamental features of the A-I-Z shell element are:



e Using isoparametric interpolation functions the displacements inside the
shell element are interpolated from three displacement-d.o.f. and two
rotation-d.o.f. at each node.

e The interpolated generalized displacement fields present C° continuity.

e The element is not based on any plate/shell theory but it is a continuum
element incorporating several assumptions that we list below (degenerated
solid element).

Kinematic and constitutive assumptions:

1. A straight line that is initially normal to the mid-surface remains straight
after the deformation.

2. A straight line that is initially normal to the mid-surface is not stretched
during the deformation.

3. The through-the-thickness stresses are zero.

It is important to remark that the second assumption precludes the consid-
eration of finite strain deformations.

Even tough the A-I-Z shell element was a breakthrough in the field of finite
element analysis of shell structures, it suffers from the locking phenomenon and
much research effort has been devoted to the development of A-I-Z type elements
that do not present this problem [5]-[9]-[10].

The MITC4 shell element [11]-[13] which was developed to overcome the
locking problem of the A-I-Z shell elements has become, since its development
in the early eighties, the standard shell element for many finite element codes.
However, the limitation of infinitesimal strains is still present in the MITC4
formulation.

Many researchers have developed shell elements that can model finite strain
situations, among them:

e An early contribution by Rodal and Witmer [14], where after the dis-
placement calculation the shell element thickness is updated neglecting
the elastic strains and invoking the incompressibility of the plastic flow.

e In 1983 Hughes and Carnoy [15] developed a finite strain shell element
for the Mooney-Rivlin material model which uses a plane-stress consti-
tutive relation for the laminae and updates afterwards the thickness in a
staggered iterative formulation.

e Simo and co-workers [16]-[20] in the period 1988-1992 developed a com-
plete 3D nonlinear shell element formulation.

e Ramm and co-workers [21]-[22] developed 3D shell elements considering
also through-the-thickness stretching.



In 1995 Dvorkin, Pantuso and Repetto developed the MITC4-TLH ele-
ment, that based on the original MITC4 formulation can model finite strain
elasto-plastic deformations [23]-[24]. This element imposes the condition of zero
transversal stresses and its computational cost is rather high.

In the present paper we present an element that is also based on the MITC4
formulation and can efficiently model finite strain deformations using a general
3D material model.

The most relevant differences with the original MITC4 formulation are:

e For each quadrilateral element we have 22 d.o.f.: 5 generalized displace-
ments per node plus 2 extra d.o.f. to incorporate the through-the-thickness
stretching.

e We use a general 3D constitutive relation instead of the original laminae
plane stress constitutive relation.

There are many hyperelastic constitutive models available in the literature.
In order to explore the differences in their responses we implemented, for the
new MITC4-3D shell element, three simple isotropic hyperelastic constitutive
relations and we analyzed their responses for a number of finite strain cases.

2 The MITC4-3D formulation

Some of the basic features of our MITC4-3D element are:

1. The shell geometry is interpolated using mid-surface nodes and director
vectors.

2. The nodal displacements and transverse shear strains are interpolated us-
ing the original MITC4 formulation [11].

3. For interpolating the director vectors special care is taken to avoid spurious
director vector stretches [17] [25].

4. Two additional degrees of freedom are considered to include a linear thick-
ness stretching. These thickness-stretching degrees of freedom are con-
densed at the element level.

2.1 Shell element geometry in the reference configuration

Following the MITC4 formulation we define, in the reference configuration,
nodes on the shell mid-surface and at each node we define a director vector
which represents, at that node, an approximation to the shell mid-surface [26].

Therefore, defining inside the element the natural coordinate system (r, s, t)
[8], for the element shown in Fig. 1 with constant thickness we can write,



Figure 1: Reference (¢t = 0) and spatial (¢ = 7) configurations



°x(r,s,t) = hi(r,s) °xy, + % °da (1a)

where [17] [25],
hu(r, )"Vk

o1

and,
hi(r, s) : isoparametric 2D interpolation functions [8],
°zx,, : k-node position vector,
a : constant element thickness.,

°V¥ : k-node director vetor; with |[°VF

In the above equations and in what follows we use the summation convention.

2.2 Shell geometry in the spatial configuration

For interpolating the spatial geometry in the 7-configuration, Fig. 1, we use,

Tx(r,s,t) = hi(r,s) Tz, + = ( Ao+ TA1t) "da (2a)
17k

M (2b)
o e

For the director vectors in the spatial configuration also ’

V|| =

In Eqn.(2a) 7, is a constant thickness stretching and "); is the through-
the-thickness stretching gradient.

In our formulation the element d.o.f. "\, and "\; are discontinuous across
element boundaries and they will be condensed at the element level.

2.3 Incremental displacements

The incremental displacements to evolve from the T-configuration to the 7+ A7-
configuration are,

u _TH+AT z— Tz (3&)
w(r,s,t) = hy(r,s) uy (3b)
T+ATY/ K
0 (A + Ay + At + AN 1) ) TV
Hhk T+A7'VkH
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In the above, TTATA, = "X, + AX, and "TATA; = TA + A
For the director vector rotations we can write [27],

T+ATKZ — :+AT§. TK']:)L (4&)
with,
. . 2
rrATp T sinfp p 1 [sin(0k/2) ) 2 :

Using as base vectors (TKIf; TK’; ; TKZ) defined as,

Te x TVE

Vi o= g (4c)
Te, X TV,

VE = TyR xTVh (4d)

where "¢, is the y—base vector at time 7 of the fixed cartesian system in Fig.
1. We use a special definition for the case "e, x vk =08

VY o= e, (4e)
VE = e, (4f)
Also,
0 = (@) + (8°] (1g)
0 0 B
[©F]=]10 0 -—ol. (4h)
—Br ar 0

Then we write Eqn. (4a) as in Ref. [27],
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Hence,
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where, to simplify the formulation, we made the approximation,

T+ATYVk
‘ ‘hk Kn

~ Tk

. (7)

2.4 Strains interpolation

We can write the Green-Lagrange strain tensor as,

re= e °g °g’ (8)
where,
T€rg : covariant components in the element natural coordinate system,
"'gv[ : contravariant base vectors of the element natural coordinate system
in the reference configuration,
O§I °§J : tensor product of the two contravariant base vectors [28].
We use, following the MITC4 interpolation [11] for the in-layer strain com-

ponents,

obrr = [ggTT]DI (9a)
;gss = [;ESS]DI (9b)
otrs =  [prs bt (9c)

In the above equations [Eij}DI are the strain components calculated from

the displacement interpolation. In the same way, for the through-the-thickness
strain component we use,



Figure 2: Sample points for the MITC4 transverse shear strain interpolations

~ ~ 1DI
ot = [Zﬁtt] (9d)
and using the sample points indicated in Fig. 2 we interpolate the transverse
shear strain components,

_ 1 _ 1 .
o= 5 (U4s) [N+ 5 (- s) Rl (%)
" 1 _ 1 -
e = (47 (B 45 (=) [Ealy’ - (9)

In the above equations [Eij]gfg are the strain components calculated from
the displacement interpolation at the sampling point “ SP 7.

3 Hyperelastic constitutive relations

The shell element formulation developed in the previous section is a fully 3D
formulation since the in-layer plane stress hypothesis used in the original MITC4
formulation was not invoked in this case.

There are many hyperelastic constitutive models available in the literature
[29]. In order to explore the differences in their responses we implemented,
for the new MITC4-3D shell element, three hyperelastic isotropic constitutive
relations and we analyzed their responses for a number of finite strain cases.



3.1 Hooke’s law relating 2" Piola-Kirchhoff stresses and
Green-Lagrange strains

In this case the elastic energy per unit volume of the reference (JU/) configuration
is defined as [28],

Tu__ g

T
o

(10)

1™

Il

where J¢ is the Green-Lagrange strain tensor [28] and C is the isotropic Hooke’s

constitutive fourth order tensor [28].
Using the Doyle-Ericksen formula [28] we get,

oS =

||||§_3

of (11)

where 7S is the second Piola-Kirchhoff stress tensor [28].

Hooke’s law establishes a linear relation between the deviatoric parts of the
stress and strain measures and a linear relation between their hydrostatic parts.
It should be noticed that, in this case, since for finite strains the hydrostatic part
of the Green-Lagrange strain tensor does not represent the volumetric strain,
the physics in Eqn. (11) is not obvious.

3.2 Compressible neo-Hookean model

We use the neo-Hookean model formulated in [30] where the elastic energy is
split into a volumetric and a deviatoric part,

U=TU,("J)+ Up("Dh) . (12)
In the above,
°p
] = — 13a
) (13a)
Bo= (J)E ) (13b)

The second order tensor 7X is the deformation gradient tensor;
Th=7X. TX7T is the Finger strain tensor and (°p, 7p) are the densities in the
reference and spatial configurations respectively. In Cartesian coordinates
7J = det [ X] [28].

For the terms in Eqn. (12) Simo and Hughes use [30],

J)} (13c)

G [tr(7C)-3] . (13d)



Where,

and,

k= m (compressibility modulus)
E

G = o) (shear modulus)

E : Young’s modulus

v : Poisson’s coefficient

Hence, using the Doyle-Ericksen formula and doing a push-forward [28] we
get,

d™U, 0 TUp T
Tr="TJ—=—2—=Tg+2d X —— - (TX 14
dT g €v o= agg (0=) ( )

I

where 71 is the Kirchhoff stress tensor [28].
In this case the relation between the hydrostatic component of "z and the
volumetric stretch ™J is explicit.

3.3 Hooke’s law relating the Hencky strain tensor and its
energy conjugate stress tensor

In this case the elastic energy per unit volume of the reference configuration is

defined as,

oU=5 oL :

e

Tl (15)

N =

where 7H = In JU is the Hencky or logarithmic strain tensor [28], 7U is the
right stretch tensor and C is the isotropic Hooke’s constitutive fourth order

tensor.
For an isotropic elastic material the stress measure energy-conjugate to the
Hencky strain tensor is [L with,

T = TR (+9)]" (16)

in the above equation [JR* (7% )}U are the rotational pull-back of the con-
travariant components of the Kirchhoff stress tensor [28].
Using the Doyle-Ericksen formula we get,

L=C: o . (17)
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Figure 3: Plane stress axial test

It is important to notice that the hydrostatic part of the Hencky strain
tensor is the logarithmic volumetric strain; hence, in this case the linear relation
between the hydrostatic component of 7I" and the logarithmic volumetric strain
has an obvious physical meaning. B

For this constitutive relation we use the interpolations in Eqns. (9a) - (9f)
but with the Hencky strain components instead of the Green - Lagrange strain
components.

3.4 The behavior of the considered hyperelastic models

In order to explore the response that we can expect from the considered hyper-
elastic models, in Fig. 3 we analyze a simple plane-stress tension test.

It is obvious that except for very small axial displacements (infinitesimal
strain situation) the three material models provide different responses, being
the response of the first material model the most different while the responses
of the other two models are close.
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When dealing with a specific material only a laboratory test can indicate
which hyperelastic law is the one that best approximates its behavior.

For metals undergoing finite elasto-plastic deformations, laboratory tests
performed by Anand [31] indicate that using the standard values of the Young
modulus and Poisson coefficient, the Hooke’s law relating the Hencky strain
tensor and its energy conjugate stress tensor provides the results that best ap-
proximate the actual material behavior for moderate elastic strains.

4 The incremental formulation

Using a total Lagrangian formulation we can write the Principle of Virtual Work
for the equilibrium configuration at 7 + A7 [§],

/ 70—+ATSIJ 5 7O'+AT€IJ oqyV = T+ATR (18)
%
where "tA7R is the virtual work of the external loads acting on the solid body

in the 7 + AT—configuration.
Now we can write [8],

Z+AT§IJ _ ZSIJ + OSIJ (193)
ATy = Ters+ ofr (19b)
€1y = o€rJ + ollry (19C)

where ,er; is the increment in the Green-Lagrange strain tensor, linear in the
incremental displacement and ,7;; is the nonlinear increment.
Using the incremental constitutive equation,

OSIJ — OcIJKL OEKL (20)

we get the linearized incremental equation,

/ oCTIE pexcr doery 2dV+ / 0S8 onpy CdV = THATR- / 58176 pery 2dV

DV DV DV
(21)
In what follows we develop Eqn. (21) for the three hyperelastic material
models considered above.
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4.1 First case: linear relation between 2" Piola-Kirchhoff
stresses and Green-Lagrange strains
We transform the components of the fourth order Hooke’s constitutive tensor

from a Cartesian system, with base vectors °e,, to the natural coordinate sys-
tem, with covariant base vectors g, using,

Caﬁ’vé oga Ogﬁ Ogv OQ& _ CIJKL og[ OEJ OEK ogL ) (22)
Hence,

gIJZGIJKL GIJKL(

o ogKL - ogKL + o,ﬁKL) (23)

and the linearized incremental equation is,

/ CIIKL Exr 6o€ry °dV + / TS 5,7, 0dV = TTATR— / TS 5,1, °dV .
DV o OV

(24)

\%4

4.2 Second case: compressible neo-Hookean model
The components of the incremental constitutive tensor can be calculated from,
97gLM
LMP
WCEMPQ =9 aOT (25)
oY PQ

where ;C = géT - X is the Green strain tensor. The above derivative is
calculated using Serrin formula [28] that for an isotropic material (7S and JC
are colinear tensors) can be written as,

T T T 2\ o T T -2 (70—
TSEM — Tl |(TAp)? oCru — ( 16— (M) ) giv + TI5 (TA)7 (507 1y
’ 2(7A)" = 1L (W) + IS (A

in the above,

rqt L K e s (2007 = (T)® — (M)
7St = COHE (TJ?-1) +G (")) ( 3 )
e _ L[5 ea s (20007 = ()7 = ()]
TS? = CSHE (TJ?=1) +G ("J) ( 3 )
RS S L ez (2007 = (70 = ()]
AT e p e ( i -
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where 757 are the eigenvalues of 7S calculated using Eqn. (14) and doing a
pull-back [28]; (TA;)* are the eigenvalues of ( 7C ) and (71 TIZ; TIE) are
the invariants of [C .
CADWY:
95CPq
[28] and calculate its derivative,

To calculate we use the characteristic polynomial of the Green tensor

(A" TIE (TA)t = TR (A TIE =0 (27)

Of course we do not loose the hyperelastic symmetry, that is to say,
LCEMPQ — oPQLM (28)
After the above calculations we use the neo-Hookean incremental constitu-

tive tensor in Eqns.(21).

4.3 Third case: linear relation between the Hencky strain
tensor and its energy conjugate stress tensor

We define the fourth order tensor,
0 gH IJ

TDMN _
o~ 1J — .
(’)gaMN

(29)

To calculate the above defined tensor components we use again the Serrin
formula. Using the tensor ;D we can write,

ofl] o 6IJKL OEKL = oaleL Eé\(/li\/ (ogle + oﬁMN) . (30)

Hence, the linearized incremental equation (21) can be written as,

/ y SCHEL PR T DRS Sh Spers 2dV + / , T TDMN 55 CdV =

THATR / T TDMN §enn CdV . (31)
%

The resulting stiffness matrices are, of course, also symmetric.

5 Numerical studies

The d.o.f. (AX,, AX;) are condensed at the element level and (20x20) element
stiffness matrices are obtained and assembled into the global stiffness matrices.
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5.1 Basic numerical studies
5.1.1 Convergence

The MITC4-3D shell element inherits from the MITC4 element the following
properties:

e It does not contain spurious rigid body modes.

o It satisfies Irons’ Patch Test.

5.1.2 Conditioning

In order to investigate the conditioning of the MITC4-3D element in Fig. 4
we compare, for a very thin element, the conditioning number of the stiffness
matrices corresponding to a standard MITC4 element and to the new element.
We use the conditioning number defined as [8],

Amax
cond (K) = logyg . (32)

min

In the above equation,

Anax : maximum eigenvalue of the stiffness matrix,

Ay : minimum non-zero eigenvalue of the stiffness matrix.

The comparison was performed considering the three defined hyperelastic
constitutive relations and three different values of the Poisson coefficient. In
the case of the MITC4-3D element the eigenvalues correspond to the condensed
(20x20) stiffness matrix.

We see that the conditioning number of the MITC4-3D element is only
slightly deteriorated in the case of an extreme value of the Poisson coefficient,
as compared with the conditioning number of the standard MITC4 element.

5.2 Finite strain analyses

In this subsection we are going to analyze several cases of hyperelastic shells
deforming into the finite strain regime.

For each case we consider the three hyperelastic constitutive models de-
scribed above; hence, the purpose of this section is twofold: the investigation
of the numerical performance of the MITC4-3D element formulation and the
investigation of the differences in the shell structural responses corresponding
to the three material models.

5.2.1 Cantilever under constant moment

In Fig. 5 we present the results for an elastic cantilever with (L/a) = 100,
E=12FE07and v =0.0 .

We obtain the same result for the three considered material models because
the strains developed in the cantilever beam are only moderately high.
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E=1.E07
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10
cond(K)
v=0.0 v=0.3 v=0.499
MITC4 7.3 7.3 7.3
2nd PK-GL (Hooke) 7.3 7.3 8.1
MITC4-3D [Neo-Hookean 7.3 7.3 8.1
Hencky (Hooke) 7.3 7.3 8.1

Figure 4: Conditioning of the MITC4-3D element compared with the condition-
ing of the MITC4 element
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Figure 5: Elastic cantilever under constant moment (L/a) = 100
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Figure 6: Vertical displacement of a cantilever under tip load (L/a) = 10

5.2.2 Cantilever under tip load

In Fig. 6 we present the results for the tip vertical displacement of an elastic
cantilever with (L/a) =10, E = 1.2E07 and v = 0.3.

Regarding the equilibrium path we obtain the same result for the three
material models considered. In Fig. 7 we present the results for ("A,,” A1) and
in this case the results corresponding to the first constitutive relation are only
slightly different from the results corresponding to the other two constitutive
relations.

Again the reason for these very similar responses lies in the fact that the
strains developed in the cantilever beam are only moderately high.
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Figure 7: Cantilever under tip load (L/a) = 10. Through-the-thickness stretch-
ing in the element at the fixed boundary
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Figure 8: Infinite cylinder under internal pressure

5.2.3 Infinitely long cylinder under internal pressure

We consider the infinite cylinder represented in Fig. 8 under internal pressure.
In the same figure we represent the equilibrium paths obtained for the infinitely
long cylinder considering the three hyperelastic constitutive models discussed
above. The strains developed in the cylinder wall are quite high; hence, the
equilibrium paths are quite different, in particular the one corresponding to the
first hyperelastic model.

Finally in Fig. 9 we present the predictions of the through-the-thickness
stretching obtained with the three models considering two different values of
the Poisson coefficient. Again the higher the strains the larger the difference
between the structural responses predicted using the first constitutive model
and the structural response predicted using any of the other two models.
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Figure 9: Infinitely long cylinder. Through-the-thickness stretching
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Figure 10: Sphere under internal pressure

5.2.4 Sphere under internal pressure

For the analysis of a sphere under internal pressure we consider two cases; a
thick and a thin sphere, as it is shown in Fig. 10. For symmetry reasons only
one eight of the shell is modeled.

In Fig. 11 we present the results corresponding to the thick case; again, the
first material model provides results that are quite different from the results
provided by the other two material models.

In Fig. 12 we present the results corresponding to the thin case and the
comment related to the behavior of the material constitutive models is again
the same.

Notice that, as we should expect, when the thickness decreases A1 — 0.
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Figure 13: Twisted ribbon considering two load cases. Loaded point displace-
ments

5.2.5 Twisted ribbon

For the two load cases represented in Fig. 13, in which the resulting strains
are only moderate, the load displacements are identical considering the three
material models.

5.2.6 Cylinder under line load

In Fig. 14 we describe the analyzed case.

In Figs. 15 and 16 we present the results obtained, for the three different
hyperelastic constitutive relations.

25



Initial
. position
Displacement A

Final
position

AW

E =16,800

v =0.4

R =9.0

a=2.0

Total length=30.
(only half is modeled for symmetry reasons)

Figure 14: Cylinder under line load
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Figure 15: Thickness stretching at different depths for the element containing
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Figure 16: Load - displacement curves for the cylinder under line load
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R =10.

l Fy=1 a=0.04
E = 6.825E07
v =0.3

Figure 17: Pinched spherical shell with a 18° top hole

5.2.7 Pinched hemispherical shell

This case, depicted in Fig. 17, was used as a test case in many previous publica-
tions (e.g. [18]). It is a shell element with two opposite polar holes spanning a
latitude of 18° each; for symmetry reasons only one eight of the shell is modeled.

The results obtained with the MITC4-3D element and the above described
constitutive relations, using two different meshes, are presented in Fig. 18.

In this case the results corresponding to the three constitutive models con-
verge to almost the same result when the mesh is refined.

6 Conclusions

On the basis of the MITC4 shell element formulation, we developed the MITC4-
3D shell element formulation for finite strain analyses of shell structures using
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Figure 18: Pinched spherical shell results
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general 3D constitutive models. In this paper the new element was implemented
for the analyses of hyperelastic shell structures and the results indicate that it
is a very effective element.

The results obtained considering three of the hyperelastic material models

available in the literature are quite different when the developed strains are
relatively high; this indicates that, for analyzing actual engineering examples,
experimental data should be used to decide on the most suitable constitutive
relation.
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